Math 3013
Problem Set 3

Problems from §1.5 (pg. 84-85 of text): 1,3,5,7,9,11,13,16

1. (Problems 1,3,5 and 7 in text.) Find the inverses of the following matrices, if they exist; and express
each invertible matrix as a product of elementary matrices.

(a)
11
0 1
.
1 1110
AT = [0 1 ‘O 1}
1 0|1 1 1
Rl — R —Ry = [0 1 ‘0 L } =[I|A"]
1 -1
-1 _
arefo
A is an elementary matrix (it is the elementary matrix corresponding to replacing the first row by its
sum with the second row). |
(b)
3 6
4 8
.

NEHE

4 3 6|1 O
R2—>R2—§R2 = |:0 0‘0 _l:|
3

This matrix does not have an inverse (it’s row-echelon form has zero entries along the diagonal). U

(c)
10 1
01 1
00 —1
[ ]
10 1 ]100
Ajl={0 1 1 [0 1 0
00 —1[0 01

If we perform the following the elementary row operations

RowOp, : Ry — R{+ R3
RowOps; : Ry — Ry + R3

ROU)Opg : Rg — —Rg
1



We convert the augmented matrix [A | I] to the form

1 00|10 1
01001 1 |[=[]A]
001[00 -1
So
10 1
Al'=101 1
00 -1

Our next task is to express A as a product to elementary matrices. Let E;, Es and E3 be the
elementary matrices corresponding, respectively, to the elementary row operations RowOp;, RowOps,
and RowOps :

1 01 1 00 1 0 0
E.=|0 10| , Eo=(01 1] , Es=|01 0
0 0 1 0 01 0 0 -1
Since the inverse of A was created by applying these same row operations to the identity matrix we
have
Al = EsEE(I
= E3E;E;
But then

_1n 1 — _ _ _
A=(A"Y) = (EEE) '=E'E;'E;’

Since the inverse of an elementary matrix is another (or perhaps the same) elementary matrix, The
equation above tells us how to express A as a product of elementary matrices. All we have do to
is figure out the inverses of Ey, Eo and E3. Now the inverse of an elementary matrix E is just the
elementary matrix that undoes the row operation corresponding to E. So

[1 0 —1]
RowOp; : Ry — Ry + Rzisundone by Ry — Ry — Ry = EIIZ 01 0
|0 0 1 |
[1 0 0 ]
RowOps : Ro — Ro+ Rgisundone by Ry — Ry — Ry = E;lz 0 1 -1
|0 0 1 |
1 0 O
RowOps : Rs— —Rgisundone by R3 — —Rgz = Eglz 01 O
0 0 -1
Hence
1 0 -1 1 0 O 1 0 O
A=E'E,’E;'=|0 1 0 01 -1 01 0
0 0 1 0 0 1 0 0 -1
O
2 1 4
3 2 5
0 -1 1
2 1 4 (1 0 0
All=]3 2 5|0 1 0
0O -1 10 0 1



e We shall procede as in part (c).

RowOp,

RowOp2

RowOps3

RowOpy

RowOps

RowOpg

RowOp;

RowOpsg

So

3
R2—>R2—§R1 =
R3 — R3 — 2Ry =

Rg — —R3 =

Ol =

—

Ry — 2Ry =

oo~ PON oo
o =

O o=

1
R1—>§R1 =

Ry — Ry +2Rs =

1 1
Ri— R — =Ry = 0
2 0
1
Ry — Ry —2Rj3 = 0

0

-7 5
A l=| 3 =2
3 -2

2 1 4] 1 00
0 2 -1]-2 10
0 -1 1 | 0 01
2 1 4|1 00
1 3
04 -1 |-3 10
00 -1 |-3 21
4 |1 0 0
3
-1 |-2 1 o0
-1] 3 =2 -1
4 11 0 0
-2 -3 2 0
1|3 -2 -1
2 |+ 0 o0
-2 -3 2 0
1|3 -2 -1
1
1 4214 0 o0
01 0|3 -2 -2
00 1[3 -2 -1
02|-1 1 1
1 0] 3 -2 -2
01| 3 -2 -1
00|-7 5 3
1 0] 3 -2 -2
01| 3 -2 -1
3
—2
—1

To express A as a product of elementary matrices we procede as in part (c): we write

A = (BE/E¢EsE,E3EE,) ' = B[ 'E; 'E; 'E; 'E; 'Eg 'E- 'Eg



where the Eq,... ,Eg are the elementary matrices corresponding to the elementary row operations

RowOp+,. .., RowOpsg, and the Efl, et ,Egl are their matrix inverses. We have
3 1 00
RowOpy : Ry— Ry— R = E;'= o1 3
00 1
1 00
RowOpy : Rz — R3—2Ry; = E,' = 010
021
1 0 0
RowOps : Rz — —R3 = E;'= 01 0
00 —1
1 00
RowOpy : Ry —2Ry; = E/'= 020
00 1
1 1 00
RowOps - R1—>§R1 = E'= 0 1 0
0 01
1 0 0
RowOpg : Ry — Ry+2Ry = E;'= 01 -2
00 1
L 1 1o
RowOp; : Ry — R —-Ry = E '= 010
2
00 1
1 0 2
RowOps : Ry — Ry —2R; = FEg'= 010
00 1
So
E, '=
ad
2. (Problem 9 in text). Find the inverse of
1 0 0 0 0 0]
0 -1 0000
0 0 2000
0 0 0300
0 0 0040
|0 0 00 0 5
e Setting
1 0 00 0 O0]1 0000 0]
0 -1 0000010000
00 2000[(0O0T1O0O0O0
AT=10 0 0300|0001 0 0
00 004 0[(0O00O0T10
|00 000500000 1|




and applying the following row operations

R2—>—R2

1

R3—>§R3

1

R4—>§R4

1

R5—>ZR5

1

R6—>5R6

‘We obtain
1 000 00]1 0 0 0 0 0]
01 0000|0100 00
001 000|0 0 L 000
2 _ —1
000100000%00_[I|A]
0000100 0 0O0TZ O
(0000010 0 00 0 { |
So

1 0 0 0 0 O
0 -1 0 0 0 0
0 0 1 0 0 o0

-1 _ 2
A_oooéoo
0 0 00 1 0
0 0 0 0 0 %

3. (Problem 11 in text). Determine whether the span of the column vectors of the given matrix is R
1 0 1 -1
0 -1 -3 4
1 0 -1 2
-3 0 0 -1

e According to the Theorem 1.12 in the text, all we have do is show that this matrix is row equivalent
to the identity matrix. After carrying out the following two row operations

Ry — R3— Iy
R, — Ry,+3R,

we obtain
1 0 1 -1
0O -1 -3 4
o o0 -2 3
0O 0 3 —4

If we now carry out

3
Ry — Ry+ -3

2
we obtain
1 0 1 -1
0 -1 -3 4
0o 0 -2 3
0 O 0 %



This matrix is clearly row-equivalent to the identity matrix (it’s in row-echelon form with no zero
entries along the diagonal). Hence the span of the column vectors of the original matrix must be

R%. O
4. (Problem 13 in text). Show that the following matrix is invertible and find its inverse.
2 -3
St

e Setting

NIEEI

and carrying out row reduction

o T
o = (2700
B~ omeon = (20 TM0]
W tnos [30]70)

So

5. (Problem 16 in text). Let

|
-
|
= O =
— W N
N =

If possible, find a matrix C such that

AC=

= O =
— =N

e Multiplying (from the left) both sides of the second equation by A1 yields

121 1 2
A (AC)=| 0 3 1 0 1
4 1 2 41

Now
A'(AC)=(A'A)c=IC=C
and
121 1 2 5 5
031 0 1|=|4 4
41 2 41 12 11



So



