Math 3013.004
SECOND EXAM
10:30 — 11:45 am, April 8, 1999

1.(10 pts) Determine if S = { {x, 2 —I—y%y} | z,y € R} is a subspace of R3.

e If S is a subspace it must be closed under vector addition. Consider v, = [1,\/5,1] € S and
vy =[-1,v/2,—1] € S. Then
Vy + Vo= [0, 22, 0]
But, vy +v; € S, since 2¢/2 # /02 +02 = 0. So S is not a subspace.

2. Consider the following matrix: A =

— ==
— W N
W = N
N O =

(a) (10 pts) Find a basis for the column space of A.

e First we row reduce A to a matrix A’ in row-echelon form:

1 2 2 1 1 2 2 1
A—|[O0O 1 -1 -1|—|01 -1 -1 /|=A'
0 -1 1 1 0O 0 O 0

The pivots of A’ occur in the first two columns; therefore, the first two columns of A will form a
basis for the column space of A:

ColSp (A) = span ([1,1,1],[2,3,1])
(b) (10 pts) Find a basis for the row space of A.

e The non-zero rows of A’ will a basis for the row space of A:

RowSp (A) = span ([0,2,2,1],[0,1,—1,—1])
(¢) (10 pts) Find a basis for the null space of A.

e The null space of A will coincide with the solution space of A’x =0, or

1 +2x9+2x3+x4 =0 - 1 = —4x3 — 314
To —x3— x4 =0 To = X3+ 24
—4x3 — 314 —4 -3
| 3ty . 1 1
= Z = g = I3 1 + x4 0
Ty 0 1
So
—4 -3
Null(A) = span L L
=P 1 |']o
0 1

(d) (5 pts) What is the rank of A?

o rank(A) = # basis vectors for ColSp (A) = # basis vectors for RowSp (A) = 2



3. Consider the following mapping: 7 : R® — R? : T ([, 22, 73]) = [v1 + 22,71 — 23]
(a) (5 pts) Show that T is a linear transformation.
o Let u= (uy,us,us), v= (vi,v2,v3) be arbitrary vectors in R? and A € R. Then

T(Aa) = T (Aup, dug, Aus) = Mg + Aug, Aug — dug] = A fug + ug, 1w — ug) = AT (u)

Tu+v) = T(ug+vi,us+va,us+v3) =[ug +v1 — (U2 +v2) ,u1 +v1 — (ug + v3)]
= Jup +ug,us —ug]+ [v1 +ve,v1 —vs] =T (u)+T(v)

So T preserves both scalar multiplication and vector addition. Hence, it is a linear transformation.

(b) (5 pts) Find the matrix that represents 7.

T(1,0,0) = [1,1] , T([o,1,
1
1

(¢) (10 pts) Find a basis for the range of T

e The range of T" will coincide with the column space of Ar. A row reduces to

11 0
0 -1 -1
which has pivots in the first two columns. Hence, the first two columns of A will form a basis for

the range of T'.
range(T) = span ([1,0],[1,—1]) = R?

4. (10 pts) Let pr = 1+, po = 1 + v+ 22, p3 = 222 — v — 1. Find a basis for span (p1, p2, p3).

e The natural basis for polynomials of degree 2 is

ee=1 , e=z |, 63:.’1!2

In terms of this standard basis, we can represent pq,p2 and ps as

P = ertex= [17170]
P2 = € +e2+e3%[17171]
p3 = —e; —ex+2e3~[—-1,-1,2

To find a basis for the span of the vectors [1,1,0], [1,1,1], and [—1,—1,2] we arrange these vectors
as the rows of a 3 X 3 matrix, row-reduce this matrix to row-echelon form, and identify the non-zero
rows.
0 1 1 0 1 1 0
1 — 0 0 1| — 0 0 1
2 0 0 2 0 00

= {e1 + ey, e3} is a basis

= {1—0—1’,1’2} is a basis



5. Compute the determinants of the following matrices.

2 30
(a) (dpts) | 4 1 1
11 1
®
2 3 0
det | 4 1 1 = 2det L1 — 3det 41 + 0Odet 41
11 11 11
11 1
= 2(1-1)—3(4—-1)40
= -9
1 00 1
1 100
(b) (5 ptS) 1 2 1 0
0 01 0
®
1 00 1 (1 0 0 1 ] 1 00 1
1 100 01 0 —1 01 0 —1
det ] 1 9 1 o = det]g o 1 1 |[Fdet] g g1 3
0 01 0 (001 0 | 00 1 0
1 0 0 1 ]
01 0 —1
= det 0 0 1 3 :(1)(1)(1)(_3)
000 -3 |

6. Mark the following statements True or False. (3 pts each).

L RRR

T

()

The number of linearly independent row vectors of a matrix is the same as the number of linearly
independent column vectors.

The non-zero rows of a matrix A form a basis for the row space of A.

If an 7 X n matrix is invertible, then rank (A) = n.

If {v1,... ,vi} is a set of vectors in R™, then span (vy,..., V) is a subspace of R".

If {vy,..., vy} is a set of vectors in R" such every v € R™ can be expressed as a linear combination
of the form ¢y vy + cavg + - - - + ¢, vy, then is a basis for R™.

If the only solution of ¢;vy +cava + -+ ¢vp =0is ¢y =co=---=¢, =0, then {vy,... ,v;} isa

basis for R™.

A subspace of a vector space is also a vector space.



