Math 2233
Homework Set 5

1. Determine whether the given equation is linear or nonlinear. If it is linear, write it in standard form and
state whether it is homogeneous or non-homogeneous.

(a) zy” + 223y +y =0
e The equation is linear. To put it in standard form we divide through by z to get
y" + 222y + é =0.
This is a homogeneous linear differential equation. O
b) v +ay +y* =22
e This equation is non-linear due to the presence of the y? term. O
(c) 3y +2y +y=2ab
e This equation is linear. To put it in standard form we divide through by 3 to get
VoY 4y =

3 3 3

This equation is non-homogeneous, due to the presence of the %w‘% on the right hand side when it’s
written in standard form. |

2. Verify that the two given functions are linearly independent solutions of the given homogeneous equation
and then find the general solution.

(a) ¥ + 9y =0, y1(x) = sin(3x), y2(x) = cos(3z)

! +9y1 = (3cos(3z)) + 9sin(3z)

3 (—3sin(3x)) + 9sin(3z)
= (=94 9)sin(3z)

= 0

vy + 9y = (—3sin(3z))" + 9cos(3x)
= —3(3cos(3z)) + 9cos(3x)
= (=949)cos(3x)
= 0

So both y; and ys are solutions. They are linearly independent since

Wiyr, ya)(x) y1()ya(x) — i (2)y2(w)

sin(3x) (—3sin(3z)) — (3 cos(x)) cos(3x)
—3 (sin®(z) + cos®(z))

-3-1

= -3

£ 0



Since y1(z) and yo(x) are two linearly independent solutions of the homogeneous linear equation
y" + 9y = 0, the general solution of this equation is

c1y1(z) + c2y2 ()
¢ sin(3z) 4 ¢2 cos(3x)

y()

(b) ¥ + 2y — 15y = 0, y1(x) = €3, ya(a) = ™"

vl +2y5 — 1551 = (3)(3)e*” +2(3e*") — 15¢**
= (946—15)¢
=0
yy +2yh — 15y; = (=5)(=5)e > +2(=5e **) — 15¢~%*
= (25—10—15)e™""
= 0

So both y1(z) and yo(x) are solutions. They are also linearly independent since

Wiy, p2l(x) = yi(@)ys(z) — y1(2)y2(2)
— 631 (_56—5x) _ (3631) 6—5:E
= (-5-3)e ™
= —8e %
£ 0

Since y1(z) and yo(x) are two linearly independent solutions of the homogeneous linear equation
y" + 2y’ — 15y = 0, the general solution of this equation is

y(x) = cyi(z) + caya(x)
e3w _’_02675w

() ' +4y +4y =0, y1(z) = e 72, yo(z) = ze™

(=2)(—2)e % +4(—2¢7%) + 4e” >

vy + 4y — 4

= (4-8+44)e
=0
Yy Yy +dys = (e — 2xe*2z) +4(e7% — 2ze™ %) + dze™ >
= ( 272 _ 272 4 4.%67230) +4 (672"1; — 2.%672‘%) + dge 2
= (- 272+4) e 4 (484 4)ze "

0+0
0



So both y1(z) and yo(x) are solutions. They are also linearly independent since

y1(@)ys(x) =y (z)ya(2)
_ 67293 (672‘% o 2%672:”) o (72672I) 1'672I

= e 237 4 2z
—4x

Wlyr, y2)(x)

-

Since y;(z) and ya(x) are two linearly independent solutions of the homogeneous linear equation
y" + 4y’ + 4y = 0, the general solution of this equation is

y(x) = cy(x)+ coyp(r)

= cre % 4 cqme™

O

3. Given that y;(z) = €3% is one solution of y” — 5y’ + 6y = 0, find a second linearly independent solution
and then write down the general solution.

e To find a second linearly independent solution we apply the Reduction of Order formula

i) =) [ - (15)}2 exp [ / Sp(t)dt] s

For the case at hand, we have y; (z) = €3* and p(x) = —5, so

X 1 S
ya(z) = e3c”/ ——— exp [—/ (—5)dt] ds
(e%%)

= / e % exp [5s] ds

x
_ 633:/ 6_6se5sd8

x
= e3w/ e *ds
_ e3a: (767w)
_ 7621

2x

In the last step we dropped the minus sign simply because if —e?® is a solution so is e2* (because
of the Superposition Principle) , and the latter expression for yo(x) is a tad bit simpler.
The general solution is a linear combination of y;(x) and ys(z) :

y(x) = 163 + cpe®®.

4. Given that y;(x) = €>* is one solution of y” — 4y = 0, find a second linearly independent solution and
then write down the general solution.



e We'll again apply the Reduction of Order formula to get a second linearly independent solution.
For this problem we have y;(z) = ¢** and p(z) = 0. So

ya(z) = ezm/gc(c;sfexp [/Soqit} ds

Again we have thrown away a constant factor to simplify the expression of ya(x). The general
solution is thus

y(x) = 162 + cqe ",

5. Given that y;(x) = x is one solution of ¢y’ — 2zy’ + 2y = 0, find a second linearly independent solution
and then write down the general solution.

e We'll again apply the Reduction of Order formula to get a second linearly independent solution.
For this problem we have y; () = « and p(x) = —2z. So

x 1 S
ya(z) = x/ 2 oxXp [/ 2tdt} ds

1
= x/ —zexp[sz}ds
s
x 32
= m/ e—st
S

Unfortunately, we can not actually carry out the final integration to get a simple formula of yo(x).
Nevertheless, the integral can at least always be evaluated numerically, and we can write the fol-
lowing formula for the general solution of the original differential equation

82

xr
e
y(x) = cyi(x) + cayz(x) = 1z + sz/ STdS'

6. Given that y;(z) = wsin(z) is one solution of z?y” — 2xy’ + (22 + 2)y = 0, find a second linearly
independent solution and then write down the general solution.

e We'll again apply the Reduction of Order formula to get a second linearly independent solution.
This time we have y;(z) = wsin(z) and p(z) = —2 (to identify p(z) we first put the differential



equation in standard form). So
* 1 52
x) = wxsin(z ————5exp |— ——dt| ds
o(2) @ | T p[ |- }
= xsin(z)/ %exp [21n|s}] ds
(ssin(s))
= wsin(x)/ (_1232ds

ssin(s))

= zsin(x) /w sin21(s)d8
= a:sin(:c)/ csc?(s)ds
= zsin(x) (— cot(z))

= zsin(s) ( :?jg )
= —xzcos(x)

~ xcos(x)

where in the last step we dropped the factor of -1 to simplify the expression for ys(z).
The general solution is thus

y(z) = crzsin(z) + cox cos(x) .
7. Find the general solution of the following differential equations
(a) y" =5y =0.

e This is a second order linear equation with constant coefficients and so we look for solutions of the
form y(x) = e*. Plugging y(z) = €** into the differential equation yields

NeA? — 5t =

or
(A =5)er =0
Thus the characteristic equation for this differential equation is
N —5=0
or
N =5

which obviously has as solutions
A==+V5
So both y;(z) = eV and yy(z) = e~ V5 are solutions of the differential equation. Moreover,
they are linearly independent since

W lyr, y2] (z) = eVoe (—\/567‘/573) - (\/Se‘/gz) eV = —2v5 # 0.
Therefore the general solution of the differential equation is
y(x) = c1e¥5% 4 cpem V7

(b)y" —3y+2y=0

e The characteristic equation for this second order linear equation with constant coefficients is

N _30+2=0



(A—1)(A—2) =0

Thus, we have A = 1,2 as solutions. To each of these roots of the characterisitic equation we have
a corresponding solution of the original differential equation; namely, y;(z) = €® and yo(z) = €%2.

These two solutions are linearly independent and so the general solution is

y(x) = cre” + cae?®
)y —y —20y=0

e The characteristic equation for this homogeneous second order linear equation with constant coef-
ficients is
A —A-20=0
or
(A=5)(A+4)=0.
Thus, A = 5, —4 and we have two linearly independent solutions y; (z) = €°* and ya(x) = e=4®. The
general solution is thus

y(x) = c1€5 4 coe™ 17

(d) y" — 13y +42y =0

e The characteristic equation for this homogeneous second order linear equation with constant coef-
ficients is

AN 130 +42=0

To solve the characteristic equation we apply the Quadratic Formula:

—(—13) £ /(—13)2 — 4 (42)

>\ =
2
_ 13+/169 — 168
- 2
o 13+1
o 2
= 7,6

Thus, A = 6,7 and we have two linearly independent solutions y;(z) = €% and ys(x) = ™. The

general solution is thus

y(x) = c1€5 4 coe™

(e)y" +y +7y=0

e The characteristic equation for this homogeneous second order linear equation with constant coef-
ficients is

MNEA+T7=0

To solve the characteristic equation we apply the Quadratic Formula:

N E V(O LG
2
—1++/1-28

2
-1+ =27
2
—1++V27i
2




Thus, we have a pair of complex roots

1 V21 1 V2T,

A=—gt gt
and so we take
1
a = Re(/\):—i
27
B8 = :&:Im()\)zg

Associated to the complex roots A\ = « i3 are the following real-valued solutions of the original
differential equation:

yi(x) = e*cos(fx) = e"2% cos <\/22>7x>

ya(z) = e sin(Bx) =e ¥ sin <\/22>7m>

and so the general solution is

1. V27 L. (V2T
y(x) = cre” 2% cos -t + coe” 2% gin -

e The characteristic equation for this homogeneous second order linear equation with constant coef-
ficients is

)y +2y +5y=0

AN 420 +5=0

To solve the characteristic equation we apply the Quadratic Formula:

L L 2/
2
—2+v4-20

2
-2+ +v-16
2
—2+4

2
= —1+£2

Thus, we have a pair of complex roots
A=—-142i, —1—2¢

so we take = —1 = Re(A) and 8 = 2 = £Im()\). Associated to this pair of complex roots are
the following real-valued solutions of the original differential equation:

n(z) = e cos(fz) =e 7 cos(2x)

ya(x) = e*sin(fr) = e ¥sin (2z)
and so the general solution is

y(z) = cre” ¥ cos (2x) + coe” ¥ sin (2z) .

8. Solve the following initial value problems.

(a) ¥y — 9y =0, y(0) =1, y'(0) = 2.



e The characteristic equation for this homogeneous second order linear equation with constant coef-
ficients is

N —-9=0
or
A=3)(A+3)=0
so A = 3, —3. The general solution is thus
y(x) = c1€3 4 coe 37
We now impose the initial conditions to fix the constants ¢; and cs.
1 = y(0)=c1e® + e’ =1 + o
2 = y/(0) = 3¢13® — 3cpe” oo = 3€1 — 3c2
Thus we have two equations and two unknowns
c1+ce = 1
3c1 —3¢cc = 2
Adding 3 times the first equation to the second equation yields
6c; +0=25

So ¢; = %. But then the equation ¢; + co = 1 implies that c; = %. Thus, the solution to the initial
value problem is

9 gp, 1 .
y(x) = 663"‘ + 66_3’“ .

(b) y" =2y +y=0,y(0)=2,9'(0) = 1.
e he characteristic equation for this homogeneous second order linear equation with constant coeffi-
cients is
AN —2X+1=0
or
A-1)%*=0

so A = 1. So yi1(z) = €% is one solution of the differential equation, and (because we are in the
case where there is only one distinct root for the characteristic equation) ya(z) = xyi(x) = ze® is
a second linearly independent solution. The general solution is thus

y(z) = c1€” + come® .

We now impose the initial conditions to fix ¢; and co:

2 = y(0)=cre® 4+ c2(0)e’ = ¢;
1 = y'(0)= cie® +ca(e” +ae®)|,_g=c1+c2
Thus, we must have
C1 = 2
c1+ec =1
Obviously, we must have ¢; = 2 and ¢ = —1. Thus, the solution to the initial value problem is

€T

y(x) = 2e” — ze® .

(¢) y" +2y +2y=0,y(0) =1,y (0) =—-1



9

e The characteristic equation for this homogeneous second order linear equation with constant coef-
ficients is
AN +2X+2=0

The Quadratic Formula thus implies

L _ 2:/EP-A0
2

—2+v—-4
2
-2+

2
= —143
We thus have a pair of complex roots A = a + i with « = —1 and g = 1. The general solution is
thus

y(x) = 1“7 cos(Br) + c2e sin(fx) = c1e” cos(x) + cae” sin(x) .
We now impose the initial conditions to fix ¢; and cs:
= y(0) = c1€° cos(0) + coe” sin(0) = ¢1(1)(1) + ¢2(1)(0) = ¢
y'(0) = ¢1 (e cos(x) — €” sin(z)) + ¢ (e sin(x) + €” cos(z))| g = c1(1 = 0) + c2(0+ 1) = ¢1 + 2
We thus have

cp = 1
c1+ec = -1
which implies ¢; = 1 and ¢y = —2. Thus, the solution to the initial value problem is

y(z) = e” cos(x) — 2€” sin(x) .



