Math 2233
Homework Set 4

1. Find an integrating factor for each of the following differential equations and obtain the general solution.
(@) y+(y—=2)y' =0

e Suppose p(z,y) is an integrating factor for this equation. Then
py +ply — )y’ =0

must be exact so

0 0
o (uy) = 5 (ny — p)
or
o om o
8yy H= o or H
In order to simplify this equation we make the hypothesis that u(x,y) = pu(y). Then ‘g—’; = ‘fi—’; and

91 — () : so we have

ox
dp
Yy TH=H
or
du 2
=0
dy vy
This is a first order linear equation for u. It is also separable, since we can rewrite it as
dp  2dy
1Y Y
Integrating both sides yields
In |4 = —2Inly|

or

o= e—21n\y| — eln‘yfz‘ — y—Q.

Therefore y~2 should be our integrating factor. Multiplying the original differential equation by

y~2 yields
1 1
Y y oy

oM _ ‘9(1)__1
oy Iy \y y?
ON - _ o (1 =\ __1
or  ox\y y¥) 92

Since %—M = %—JZ the equation is exact. Therefore the differential equation is equivalent to a (family

Now we have

of) algebraic equation(s) of the form

Pz, y) =C
with

0¢ 1
9P ==
Ox y
0 1 =z
Yo N=Z_Z
dy y Y2



Taking anti-partial derivatives of both these equations yields the following two expressions for ¢;

sa) = [Geoe= [ (3)oo=2 s m)
d(x,y) = gz /(;—y>8y—lny|+ + Ha(x)

Comparing these two expressions we see we must take Hi(y) = In|y|, Ha(z) = 0, and so ¢(z,y) =
In|y| + +. Hence, an implicit solution to the original differential equation is

ln|y|+£:C.
Y

(b) 2® +y* +z+yy =0

o If u(x,y) is a integrating factor for this equation we must have

0 9 9 0
BN (na® + py® + px) = == (py)
o 9] 0 ou 0
(A B2 ,U
- —_ 2 = —
8ygj + ayy +12y) + 8ym oz?
If we suppose p(z,y) actually only depends on x then the above partial differential equation for
simplifies to

S
ypu =y dr
or p
W _ 2dzx
I
Integrating both sides yields
In |y =22
or
w(z) = e,

Hence, €2 should be an integrating factor for the original differential equation. Hence,

22e% 4+ 2e®® + xe®® + ye®®y =0

should be exact. Indeed,

8 T T x T 8 xT
(2%€** + y?e** + ze*”) = 2ye® :%(yez)

Ay
so the equation is exact. Therefore we look for a function ¢(z,y) such that
% — 2 2r+y2€2z+x621
oz
0
ﬁ — yBQz
dy
Taking anti-partial derivatives of both these equations yields
. 1
¢($,y) — /( 2 21+y2€21+x62l)ax:2 2 2z+2y262l+H1(y)

1
o(z,y) = /ye%fﬁy:2 %e*" + Hy(x)
1 22.L

Comparing these two expressions for ¢(x,y) we see that we must take Hy(y) = 0, Ha(z) = ;%€
1.2 2z 1,2 2z

and so ¢(x,y) = 5x°e*® + 5y“e**.. Thus, the general (implicit) solution of the original dlfferentlal
equation is

1 223:
—C
2% +2ye



Solving for y yields

y(z) = £/2Ce=2= — g2
(c) 20% + (2z + 3zy)y’ =0

o If u(x,y) is to be an integrating factor we must have

0 0
By (20°n) = 5 (2zp+ 3wyp)

or

0 0 0
dyp + 2y* —— a _2u+2x—u+3yu+3xya—g

Jy ox
This equation would simplify tremedously if we supposed that pu(z,y) actually depended only on y.
Then we would have

d
dyp+ 297 E = 20+ 3yu
dy
or d
L
22— = (2 —
Y 2-yn
or

d 1 1
(3o 2)
7 Yy 2y

1 1
Inju|=—-—=1
ulpl =~ — 3y

Integrating both sides yields

or
1 1

1 1
p=exp|——+Inly~ 2 ) = ——e .
(- 7
So e % should be an 1ntegrat1ng factor for the original differential equation. Indeed, multiplying

the orlglnal equation by fe v yields
9,3/2 x 1/2 Ly
yey+2/ey+3yxeyy
y!
which is exact since

5%/ (23/3/267%) =3yt /2e™v + 23/ <+ e;) =3yl 2™V + 2y M2y

2 <2me_; + 3y1/2x6_;> = 2y’1/26_% + 3y %e7y
Y

Oz 1/2
and so we have %M = W.Now we need to find a ¢(x,y) such that
0 1
a% = 2y3/2€7§
0 1 1
a—z) = 2—1/26 v —|—3y1/2x67§
Taking ant-partial derivatives of both of these equations yields
b(zy) = 2 va+ Hi(y)
d(x,y) = 2wy v + Hy(w)

Hence, we must have Hj(y) = 0, Ha(z) = 0, and ¢(z,y) = 2y3/2¢~v. Thus, the general solution to
the original differential equation is given implicitly by

233y3/26_% =C.

(d) 2y — 2%y =0



o If u(x,y) is to be an integrating factor we must have

9 0,
o (wyp) = - (=2"n)

or
0 0
asu—|—:£ya—g =2zu—=x e

This equation simplifies tremendously if we can assume p depends only on x. In this case, the
partial differential equation for p becomes

d
zp+0=—2zu — 1;2—'“
dz
or
dp
2
—=-3
dz o
or
d
W Py
I x
Integrating both sides yieldsx
In|pu| = =3In|z|. = In|z 3

or i = x~3 Multiplying the original differential equation by this function yields
2y —az 1y =0.
This equation is exact since

0
8*?!(5”722!) = =z
0 _
) =@

S0 %—Aj = %—];7. Now we look for a ¢(z,y) such that

0% _
dr y
9 .
dy

Taking anti-partial derivatives of each of these equations yields
Pz, y) = /I’Zyam = —z"'y+ Hi(y)
oag) = [ oty = oy + Hala),

So we must have Hy(y) = 0, Ho(z) = 0, and so ¢(x,y) = 2~ 'y = y/x The original differential
equation is thus equivalent to an algebraic relation of the form

v_ o
x

or
y=Cz.

2. Solve the following first order differential equations using the substitution u = y/x.

() 2y’ —y = Vau



e This equation is equivalent to

p_ 1 y .,y y
(1) ?J:x(\/@+y)=\/;+x:F(x)
where
F(u) =u'’? +u.
Thus the equation is homogeneous of degree zero. If we define u = y/x, we have v’ = y'/x — y/x
and solving the latter equation for 3 yields

2

y’:xu’—i-g:xu’—i—u.
x

If we now substitute zu’ + u for ¢’ on the left hand side of (1) we obtain

xu’—i—u:y’:\/g—&—(y):ul/z—ku
r \z

or, cancelling the term u that appears on both sides,
v’ = ul/?
or

d
w2 du = —x.
T

Integrating both sides yields
2ut? =In|z| + C

2\/52 In|z| 4+ C.
x

y(z) = g (nfa] + O

or

Solving for y yields

, Yty
i

(b)y y(1) =1

9

e This equation is equivalent to
2
(e GG u\ (v (Y
Yy = 5 = =|=) +|=)=F(=
T 1 T T T

F (u) = u® + u.

Substituting y = ux, and y' = zu’ + u, we obtain

2
o' +u=y = (E) +(g):u2+u
T

8

s«:m‘,_.‘

where

x
or
zu = u?
or
du dz
w2 oz
Integrating both sides yields
1
——=Inlz|+C
u
or
x
(2) —— =Inlz|+C.
Y

At this point it is convenient to employ the initial condition y(1) = 1 to fix the constant of integration
C. Setting x = 1 and y = 1in the equation above yields

—l1=Ill|+4C=0+C=C.



So C = 1. Now we set C'=1 in (2) and solve for y to get

y(z)

.z
CInfz| -1

(c) 3zyy +2® +y*> =0
e This equation is equivalent to
e N 1<y>
v= 3ry 3 \y 3 \x

Making the substitutions y = ux, ' = xu’ + u yields

, 1, 1 1(1 ) —1—u?
v tu=—-u  —su=-—s|—-+tu|=—F"

3 3 3 \u 3u
or
—1—u? -1 —u? —4u? 1
/ = — = = —— 1 4 2
o Bu 3u 5 (1+407)
or, after dividing the extreme sides both by x (1 + 4u2),
u  du 1

l+4u2dr 3z
Integrating both sides yields

1 udu 1

—In (1 +4u?) = =—-1

gin(1+40) /1+4u2 ghlel+¢
or

2
In [1+4(y) } = C' +In|z—%/3
X

or

2 ’
1 + 4 (g) = exp |:Cl =+ In ‘(I}_S/3|i| — ec exp |:1n|x—8/3|j| — C”x_g/?’
x
or, solving for y,

y(z) = £ V/OTz 5B — 1

X

3. Find a substitution that provides a solution to the following differential equations.
(a) 2y’ +y = (zy)*
e In the hopes of simplifying the right hand side of the differential equation, we’ll try z = zy. In this

case, we'll have y = z/z and y' = 2//x — z/x%. Making the corresponding substitutions into the
differential equation yields

or

Z/ _ 23
or

dz

— =dx.

23
Integrating both sides yields

-2z 2=z +C
or
1



Recalling that z = xy, we obtain

1
Y (Sar —20)
or
(z) = +1
Y /(=22 — 2C)

(b) (x+y)y' = (22 +2y) —3

e For this equation it makes sense to try a substitution of the form z = x + y. In this case, we would
have ' = 2/ — 1 and making
the corresponding substitutions into the original differential equation would yield

2(2/ =1)=22-3

or 1 323
Z==(32-3)= =
z z
or d
zaz
= dz.
3.-3

Integrating both sides yields

1 1 d
:§z+§ln(3z—3):/3jjg:/d:rJrC:erC’

or

Laty) b Bty )z =C

(Since we won’t be able to solve this equation explicitly for y, the best we can do is express the
solution as an algebraic equation.)



