Math 2233
Homework Set 3

1. Solve the following initial value problem.

Yy —y=2ze*® ; y(1)=0.

e This is a first order linear ODE with p () = —1 and g(z) = 22e?*. So

p(z) = exp { / ' p(s)ds] = exp { / ’ ds] = exp[—1] = e®

hence, the general solution of the ODE is

1 * C
y(z) = @/ u(s)g(s)ds + (@)
= e% e’ (28628) ds + e%

=e” /w 2se’ds + Ce”
= e” (2ze” — 2e”) + Ce”
= 2xe®” — 2% 4 Ce”
We now impose the initial condition y(1) =0:
0=y(1) =2(1)e* — 2e? + Ce'
=Ce
Thus, C' = 0 and so the solution to the initial value problem is

y(x) = 2ze** — 2%,

2. Solve the following initial value problem.

2 cos(x)
vy = ;

e This is a first order linear ODE with p(z) = 2 and g(z) = «s(*) Hence

2

p(z) = exp pr(s)ds] = exp [/Z ids} = exp [2In|z|] = exp [In [2?|] = 2°

and so the general solution of the ODE is

1 x
) = [ nls)gls)ds +
() ()
1 5 { cos(s)
= ; S 82 > d + 3
1 xr
=3 cos(s)ds + s
1 C
= — sin(z) + s
We now impose the initial condition to fix C.
1 . C C C

So we must take C' = 0. The solution to the initial value problem is thus

y(r) = 2

1

sin(z)




2
3. Find the solution of the initial value problem below. State the interval in which the solution is valid.

1
oy +2y=a?—z+1 ; y(l):§.

e Dividing both sides by  we put the differential equation in standard form:
, 2 1
y+-y=r—1+-—
x x

so p(z) = 2 and g(z) = x — 1+ L. Note that since p(z) and g(x) are both undefined at = = 0, we
might expect trouble for any solution we construct at the point = 0. At any rate

1(x) = exp [/zp(s)ds} — exp UI ids} — exp [2In [2]] = 22

and so the general solution is

= X —gr+ s+

Note that if C' # 0 then a solution is undefined at z = 0. Now we plug into the initial condition
1 1 1 1 C 1 1 1

5
- = - - 2—7 — _— = — — [—
5 =v() =3 3(1)+2+(1)2 -3t tC=1+C

so C = %.Thus the solution to the initial value problem is
1, 1 1 1

y(x)zzx —§m+§+ﬁx

which is which is well-defined on any interval that excludes the point z = 0.

4. Find the solution of the initial value problem below. State the interval in which the solution is valid.

, y(0)=0

/ _
Y +y_1+x2

e The differential equation is in standard form and the coefficient functions p(xz) = 1 and g(z) = H-%
are well-defined for all = so we can expect solutions to be well defined on any subinterval of the real
line. Calculating u(z) we get

() = exp { / ’ p(s)ds} ~ exp { / ’ ds} Zet

and so the general solution will be



Unfortunately, there is no way to evaluate the integral

em
—d
/1+:1c2 v

in closed form. To make further progress, we need to use the following formula for the solution of
an initial value problem of the form ¢’ + p(x)y = g(x), y(xo) = Yo.
1

__L s)g(s)ds Yo
1) v) = o | mbeateds + e

where

@) o) =exp | [ ooy

o

Note the use of definite integrals in these formulas. In accordance with the initial condition y(0) = 0,
we set x, = 0 and y, = 0; and
plug into the formulas (??) and (?7?):

p,(x) = exp [/O p(s)ds} = exp Uow ds} = exp[z— 0] = ¢

1 * Yo
W) = [ nloglds +
o) Ju, " ° to(T)
1 [* e 0
= — 7d —_
et Jo 142 st e
1 [ ¢

- [ s

e 14 s2

5. Verify that each of the following differential equations is exact and then find the general solution.

(a) 2zydr + (22 + 1) dy =0

M = 2xy
N = 22+1
oM ON
— = 2xr=— = Fuzact
Jy ox
Since the differential equation is exact it is equivalent to an algebraic relation of the form

Pz, y) =C
with
0
(3) a—f = M =2y

99 o
(4) oy N=z"+1

The most general function ¢ satisfying (??) is obtained taking the anti-partial dervivative with
respect to x; i.e., by integrating with respect to x, treating y as a constant, and allowing the
possibility of an arbitrary function of y in the result:

0
o(a9) = [ Goow = [@apow =y’ + ()
Similarly, the most general function ¢ satisfying (?7?) is
0
o(z,y) = 57(589 = /(x2 +1)dy = 2y +y + Ha(x)



Comparing these two expressions for ¢(x,y) and demanding that they agree with one another, we
see that we must take

Hi(y) = vy
Hz(l‘) =0

Hence, ¢(x,y) = 2%y + y and our differential equation is equivalent to the following family of
algebraic relations

r?y+y=C , with C an arbitrary constant .
Solving this relation for y yields

C
y(w) = 2 +1
(b) 32°ydx + (2° + 1) dy =0
[}

M

M = 32% = a—:?)xz
dy
ON

N = 2°+1 = — =37
ox

Since %J\j = %—JX the equation is exact.
0
oz, y) = 6—?8:[ = /M(amy)ax = /3x2y8x = 23y + Hy(y)

Hwy) = /%39:/N(%y)@y:/($3+1)8y=z3y+y+Hz(x)

Comparing these two expressions for ¢(x,y) we see that we must take Hy(y) = y and Ha(z) = 0.
So ¢(z,y) = 3y + y and the differential equation is equivalent to

By+y=C
or o
y(x)=1+x3
(c) y(y +2z)dx + 22y + z)dy = 0
[
M
M = 42z = a——2y+2x
dy
N
N = 2yz+2° = %:2y+2z
x

Since %—A; = %—I;[ the equation is exact.

owy) = [ GLor= [Mpow = [ + 2008 = oy + ()

o(z,y) = /%3y:/N(x,y)8y:/(2yx+x2) Oy = v’z + 2%y + Ha(x)

Comparing these two expressions for ¢(x,y) we see that we must take Hi(y) = 0 and Ha(z) = 0.
So ¢(x,y) = 2%y + y*x and the differential equation is equivalent to

22y +yiz=C
Solving this equation for y yields
1

y=5 (2% + VT + 420)).



(d) ycos(xy) dr + z cos(xy) dy =0

M = ycos(zy) = aa—M = cos(zy) — zysin(zy)
Y
N = zcos(zy) = %—N = cos(xy) — zysin(zy)
x
Since 68—]\; = %—g the equation is exact.
o¢ :
o) = [Geo0= [ Mg)os = [ yeos(ay)oe = sinay) + Ha(w)
0 .
or,y) = /a—jay: /N(m,y)ay: /xcos(my)ay: sin(zy) + Ha(x)

Comparing these two expressions for ¢(z,y) we see that we must take H;(y) = 0, Ha(z) = 0, and
¢(z,y) = sin(zy). Thus the original differential equation is equivalent to

sin(zy) = C

or

(Here C' = sin™!(C).)
6. Solve the following initial value problems.

(a) (x —ycos(x)) —sin(x)y =0 , y (g) =1

e This equation is exact since

0 0 .
ay (x — ycos(x)) = — cos(z) = p (sin(z))
Therefore, it must be equivalent to an algebraic equation of the form ¢(z,y) = C' with
1
o) = [ 5200 = [areon = [ (@ yeos) on = 3o ysina) + (o)

o) = [ Soy= [ Ny = [ (~sin(e)) 0y = —ysin(o) + Ha(a)

Comparing these two expressions for ¢(z,y) we see we must take Hi(y) = 0, Ho(z) = 322, and

¢(z,y) = 2% — ysin(z). Hence we must have

1
5352 —ysin(z) = C.
Before solving for y we’ll impose the initial condition: z = § = y =1 to first determine C.
1 1 2 1
C= §z2 —ysin(z) = 3 (g) - (l)sin(g) = §7T2 —1.
Now we solve for y :
1.2
§x — C 1 2 1 2
= £ = — 1——
y Sin(2) cse(x) (290 + 57

(b) 2 + 9> +2zyy’ =0 , y(1) =1



e This equation is exact since

0, 9 o 0

— =2y=—(2 .

ay(ﬁc +y°) =2y = 7 (2wy)

Therefore, the differential equation is equivalent to an algebraic relation of the form ¢(z,y) = C
with

o(z,y) = /%313 = /M(I,y)al‘ = / (x2 + y2) Ox = ézS — xy* + Hy(y)
¢zy) = %j@y = /N(x,y)ﬁy = /(23331) Oy = xy® + Ha(x)

Comparing these two expressions for ¢(xz,y) we see we must take Hy(y) = 0, Ha(z) = 32°, and so
¢(x,y) = 22° — zy®. We thus have
1
§x3 +zy? = C.
We now impose the initial condition z =1 = y =1 to fix C:
1 1 4
C=-a° = (1P 4+ ()(1)? = <.
3¢ Tay” =317+ (1)) =3
Hence, the differential equation together with the initial condition implies that y must satisfy
1 4

ng + :vy2 = 3

Solving this equation for y yields



