Math 2233
SOLUTION TO SAMPLE SECOND EXAM
Summer 2017

1. Given that y;(z) = 27! and ys(z) = 22 are solutions to z%y” — 2y =0
(a) (5 pts) Show that the functions y; (x) and ys(x) are linearly independent.
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[ ]
W ly1, 0] = (1) (252)/ - (a:_l)l (%) = (27") (22) — (—27%) (2%) =24+ 1=3#0
Since the Wronskian W [y1, y2] # 0, the functions y; and ys are linearly independent.

]
(b) (5 pts) Write down the general solution.
[ ]
y(x) = cryy (x) + coy (x) = crz™! + cpa?
|
(¢) (5 pts) Find the solution satisfying the initial conditions y(1) =2, /(1) = 1.
e For our general solution y (z) = c;z7 ! + co2? = v/ (2) = —c1272 + 2coz and
? zz/((ll))zzci:; Cj 925 } = c =1 and cp=1
So
y(@) =2 +a?
O

2. (10 pts) Given that y;(z) = 272 is one solution of 2%y” + 5xy’ + 4y = 0, use Reduction of Order to
determine the general solution.
e The differential equation, when cast in standard form is 3" + (5/x)y’ + (4/2%)y = 0, and so
p(z) = 5/z. Plugging this and y; (z) = 72 into the Reduction of Order formula, yields

Y2 =1 / 1 5 exp (—/ pd:r’) dx
(yl)

=zt / @12)2 exp ( /I j/dx’) de =" /:r4 exp (—=5In () dr =z} / (z*) (z7°) dz

The general solution is thus
y(x) =y (z) + coye (x) = iz 2+ ez ?In ||

O
3. (10 pts) Explain in words and formulas how you would construct the general solution of y” + p (z)y' +
q(x)y = g(z), given that y;(x) is a solution of y” + p(z)y’ + g (x)y = 0. (That is, describe the general
procedure, writing down the relevant formulas. It is not necessary to carry out any calculations.)
e First, we could use Reduction of Order to calculate a second independent solution of the homoge-
neous equation ¥’ +p(z)y +q(x)y=0:

(7 / (yj)z exp (— /m pdm’) dx

e Second, with y; (), y2 () and g (z) in hand, we could apply the Variation of Parameters formula
to get a particular solution of the inhomogeneous equation y” + p (z) ¥’ + q (z) y = g(x).

Y2 (z) g (v)

y1 (7) g (z) d
W ly1, yo] ()

W s,y @)

Yp () = —y1 () dz + ys ()
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e Lastly, with a particular solution y, (z) of ¥ +p(2)y' + ¢ (x) y = g(x) and a pair y1 (z), y2 (z) of
independent solutions of ¥’ +p (z) ¥’ + ¢ () y = 0 in hand, we can write down the general solution
of y" +p()y' +q(x)y =g(x) as

y () =yp (z) + cayn (z) + c2y2 (2)



4. Determine the general solution of the following differential equations.
(a) (5pts)y” =3y —y=0

e This ODE is second order, linear, with constant coefficients. The characteristic equation

0=X2_-3\-1 — )\:L V9+4:3 V13

2 2 2

has two real roots, Ay = % + @ and A\_ = % — @ The general solution is thus
y(z) = Cle%(3+\/ﬁ)x +cze%(3ﬂ/ﬁ)x
(b) (5 pts) 4y” —4y' +y =0

e This ODE is second order, linear, with constant coefficients. The characteristic equation

0=4)2 —4r4+1=(21-1)?

1
= A=_
2
has a single real root : A = —

1. The general solution is thus
y(x) = cre?” + cywe”
(c) (5 pts) ¥’ + 4y + 13y =0
e This ODE is second order, linear, with constant coefficients. The characteristic equation

—44+416-52 —4++/—
0=X+4\+13 = A= 26 2 5 LY
has a pair of complex roots: A\ = —2 4 3i. The general solution is thus

y(z) = cre™ " cos (3z) + coe™2* sin (3z)
(d) (5 pts) 2?y” +3xy’ —8y =0
e This is an Euler type differential equation. Its indicial equation

O=m(m—1)+3m—8=m?+2m—8= (m+4)(m—2)
has two real roots. The general solution is thus

y(z) = iz~ + coa®
(e) (5 pts) #2y” — 3y’ + 4y =0
e This is an Euler type differential equation. Its indicial equation

0=m(m—1)—3m+4=m?—4m+4 = (m —2)°

== m=2
has a single real root. The general solution is thus
y(z) = c12% + coz? In |z
(f) (5 pts) 2%y" — 22y’ + 3y =0
e This is an Euler type differential equation. Its indicial equation
3+v9—-12
O=m(m-—1)-2m+3=m?>-3m+3 = m=-—""—"=

has a pair of complex roots. The general solution is thus

y(x) = c12%/? cos (? In |x|> + coz®/? sin (? In |:17|>



5. Given that y;(z) = e* and ys(x) = e =3 are solutions of y"" + 2y’ — 3y = 0.
(a) (10 pts) Use the Method of Variation of Parameters to find a particular solution of y” + 2y’ — 3y = e%*

o We hezwe g (z) = e2® and W [y1, y2] = (e%) (e’BI)/ — (€)' (e73%) = (e7) (—3e73%) — (e*) (e73") =
—4e~** and so

_ y2 () g () n@g@ oo o ) () e [ ()
p (7) = 01 W y1, y2] () W[yl,yﬂ(ff)d B / —4e2 et /—467% d

1 1 5 1 1 15 1 1 1
:Zez/emd:cizefiiz/eowdx:iem(ez)iief&v (560:}0) :Z <15> €2I:g€2$

(b) (5 pts) Find the solution of the differential equation in part (a) satisfying y(0) = 0, 3/(0) = 2.

e The general solution is

dx + yo

1 2
y(x) =yp (z) +cry1 () + c2y2 () = 5621 +eet fee™ =y (x) = gezw + c1e” — 3cpe "

Plugging into the initial conditions yields

0=y(0) =1 +ate } — {61:1
Cy = —

2:yl(0):%+01—302 %



