Math 2233
SOLUTIONS TO SECOND EXAM
July 19, 2017

1. Given that y;(z) = €* and ys(z) = xe® are solutions to y” — 2y +y =0
(a) (5 pts) Show that the functions y;(z) and yo(z) are linearly independent.

°
Wiy, y2] = 11vh — Yiye = (%) (e” 4+ ze”) — (%) (ze®) = e** #0 = 1y, y» are independent
Alternatively, y1 () # A\y2 () =  Wlyi,y2] #0 = yi1,y2 are independent
(b) (5 pts) Write down the general solution.
[ ]
y(x) = c1e” + cowe®
(c) (5 pts) Find the solution satisfying the initial conditions y(1) =1, y/(1) = 2.
e Applying the initial conditions to the general solution yields
l=y(1)=cie' +ca(1) e =ecy + eco
2=9"(1) = (c1€” + c2e” + cowe”)|,_, = ec1 + 2ecy

Subtracting the second equation from the first yields —1 = —ecy; = ¢» = e~ !'. Inserting this
value for ¢ in the first equation yields 1 = ec; +1 = ¢ = 0. Thus, ¢; = 0 and ¢3 = 1/e;
hence 1
x) = —xe”
yl(@) =~

2. (10 pts) Given that y;(x) = 23 is one solution of z?y” — 5zy’ + 9y = 0, use Reduction of Order to
determine the general solution.

e We use Reduction of Order to calculate a second independent solution. Before plugging into the
Reduction of Order formula, we note that the differential equation in standard form is y" — %y’ +
Sy =0; and so p(z) = —5/z.

1 1 1
yzyl/(yl)Qexp </pdx) da::a:‘g/ﬁexp <+/idz> :xS/Eexp(E)ln\xD
5
:xB/x—ﬁdx:x31n|w|
x

y1 () = 2% and y (z) = 2% In |z| are two independent solutions of the homogeneous linear differ-
ential equation; hence its general solution is

y(z) = c12® + cpa® In ||

3. (15 pts) Explain in words and formulas how you would construct the general solution of y” 4+ p (z)y’ +
q(x)y = g(z), given that y;(x) is a solution of y” + p(z)y’ + g (x)y = 0. (That is, describe the general
procedure, writing down the relevant formulas. It is not necessary to carry out any calculations.)
e Step 1: Use the Reduction of Order formula ys (z) = v () [ Wexp (- [p(z)dz)dz to
calculate a second independent solution, ys (z), of the homogeneous differential equation y” +
p(x)y +q(x)y=0.
. Step 2: Plug y1 (z) and y2 () into the Variation of Parameters formula Y, () z) [ yZ(l)g(l)

Wy1,y2](x)
z) [ V[%yf)qi ?i)daj to calculate a particular solution of the inhomogeneous dlfferentlal equation

Y +p( )Y +q(@)y=g(z)
e Write down the general solution of the inhomogeneous differential equation as

dx+

Y () =Y, (x)+ cay (z) + c2y2 (x) (c1, ¢o being arbitrary constants)



4. Determine the general solution of the following differential equations.
(a) (5 pts) y” — 5y + 6y =0

e A constant coefficients differential equation. Substituting y (z) = e** into the differential equation
yields the following characteristic equation for A

0=XN-B5A4+6=A1-2)(A=3) = AX=23
Thus, €2 and €3* will be two independent solutions and the general solution will be
y () = c1e* + coe®”
(b) (5 pts) y" — 6y +9y =0

e A constant coefficients differential equation. Substituting y (z) = e** into the differential equation
yields the following characteristic equation for A

0=MA—-6A+9=(1—3)=0 = X=3 (only one root)

In this situation we have only one exponential solution y; (x) = €3*. A second solution solution
can be found by Reduction of Order, but in the contant coefficient case with a single root, that
second solution always turns out to be ys (z) = xy; (z) = xe3®. The general solution is thus

y(r) = 1> + cowe®®

(c) (5pts) y’ — 6y +13y =0

e A constant coefficients differential equation. Substituting y (z) = e** into the differential equation
yields the following characteristic equation for A

6++36—52 6++/—16
2 - 2

In this situation, the general solution can be written by plugging the real (o) and imaginary (3)
parts of the complex roots A = a +if into the following template for the geneal solution

0=X—-6A+13 = A= =349

y(z) = 1% cos (Bx) + c2e®® sin (Bz) = ¢1€3” cos (2x) + 23 sin (22)
(d) (5 pts) z?y” +3zy’ —8y =0

e An Euler type ODE. Substituting y (z) = 2™ into the differential equation yields the following
indicial equation for m:

O=m(m—1)+3m—-8=m?>+2m—-8=(m+4)(m—-2) = m=—4,2
We thus have two real roots m = —4, 2, two independent solutions y; (z) = 2~* and y, = 2 and

the following general solution

y(z) = crz™t + coa®

(e) (5 pts) #2y” — 3zy’' + 4y =0
e An Euler type ODE. Substituting y (x) = 2™ into the differential equation yields the following
indicial equation for m:
O=m(m—1)—3m+4=m?>—4m+4=(m—-2)° = m=2 (one real root)
In this situation, we have one solution y; (x) = 2. A second independent solution can be found
via Reduction of Order; but in the current situation (an Euler type equation with a single root),

the Reduction of Order calculation just yields a second solution of the form y, (x) = y1 (2) In|z| =
z?1n|z|. Thus, the general solution will be

y(z) = c12® + coz? In ||
(f) (5 pts) 2%y” + 3zy’ + 10y =0

e An Euler type ODE. Substituting y (x) = 2™ into the differential equation yields the following
indicial equation for m:

—2+v4-40 —-2+£+/-36
m = =
2 2

O=m(m—1)+3m+10=m?+2m+10 =



3

or m =14 3¢. Since we have a pair of complex roots, we can write down the general solution by
substituting @ = 1 = Re (m) and § = 3 = Im (m) into the following template:

y(z) = ciz®cos (BIn|z|) + cox®sin (BIn|z|) = ¢z~ cos (31In|z]) 4+ coz ™' sin (21n |z|)



5. Given that y; () = €2* and y»(z) = €3 are solutions of y”" — 5y’ + 6y = 0,
(a) (10 pts) Use the Method of Variation of Parameters to find a particular solution of y” — 5y’ + 6y = e®
e The differential equation is in standard form with g (z) = e*. The Wronskian of y; and ys is
W y1, ys] = (€2m) (363m) -~ (2621) (egz) — 3¢5% _ 935t _ 5
We can now plug into the Variation of Parameters formula:

y2 () g (2) y(@)g@)
W ly1,y2] () W y1, y2] (z)

eB:cem 62.2690
—e? dx + 3* de = —e*® | e ®dz + 3 | e 2*dx
65:& 65:1:

— 762I (767:1:) + 631 <;62w)
=€ — —€e" = <€
2 2

(b) (5 pts) Find the solution of ¥ — 5y’ 4+ 6y = e” satisfying y(0) = 0,3’ (0) = 1.

Yy (x) = —y1 () dz + y2 () T

e With the particular solution Y, (z) = e in hand, along with the two independent solutions
y1 (x) = e®*, yy (z) = €3 of the corresponding homogeneous problem, we can immediately write
down the general solution of the inhomogeneous differential equation

1
Y () =Y, () +cy (z) + caya (x) = 56”6 + 26 + 93"

We next impose the initial conditions on the general solution:

1, 0 o 1 1
0=y(0):§e + cre” + cqe :§+cl+02 = cl+02:—§

1 1
= — +2¢1 + 3c2 =  2c1+3co =<

1
1=9¢(0)= |ze® +2c;e* + 30263“} 5 5

2

=0

Solving this pair of equations for cj, ¢y yields ¢; = —2 and ¢y = % Thus, the solution is

190 2 33
I _2 xT _ €T
y($)—2€ € +2€

6. (15 pts) Given that y (z) = c122 + cox® is the geneal solution of x%y” — 4xy’ + 6y = 0; find the general
solution of x%y” — 4xy + 6y = x>.
o We'll first employ Variation of Parameters to find a particular solution y, (x) of the inhomogeneous
differential equation, which once put in standard form is

4

6
1 /
T y m2 y xz g (l ) €z

We can read off two independent solutions y; () = 22 and ys (z) = 23 from the form of the general
solution of the corresponding homogeneous ODE. Their Wronskian is

W y1,y2] = (302) (3x2) — (2z) (;vS) =z*
We now plug into the Variation of Parameters formula

Y2 (z) g (2) yi(x)g(@)
W y1, y2] () W ly1, y2] ()

——asQ/Wdz+x3/Wdz:—x2/dx+x3/idx

=2 (z) + 2% In |z]

dz + y2 (z) T

Yp (r) = —u1 (‘T>

= —2% 4 23 In|z|
With y, (z), y1 () and ya («) in hand, we can now write down the general solution of the given

inhomogeneous ODE

y(x) =yp (z) + 111 (x) + coye (z) = 22+ 2%In |z| + 122 + o



By redefining the arbitary constant ¢; (¢; — ¢ + 1), this general solution could be written more

simply as

y(z) = 2° In|z| + c12% + coa®



