Math 2233.003
SECOND EXAM
1:30 — 2:20 am, April 10, 2001

Name:

3 are solutions to z%y"” — 3zy’ + 3y =0

1. Given that y;(z) =z and yo(z) = x
(a) (5 pts) Show that the functions y;(x) and yo(x) are linearly independent.
[ ]
W ly1,y2] = (2)(2°) = (2)'(2°) = (2)(327) — (1)(2°) = 22°
1
(b) (5 pts) Write down the general solution.

Y= c1y1 + caya = 12 + cax®

1
(c) (5 pts) Find the solution satisfying the initial conditions y(1) =2, 3/(1) = 1.

N |

2=y(l)=c1+c N c—5 1 5 L 4
1=9'(1) =c1 + 3e2 1= 2 2

2. (10 pts) Given that y;(z) = 272 is one solution of 2y” + 6xy’ + 6y = 0, use Reduction of Order to
determine the general solution.

Yo = yl/%exp (/p(x)dx) dx:x_z/%exp (/ﬁdx> dx :x_z/x4exp(761n|x|)dx
(1] x x
= xiQ/x‘l (x76) dr = xiQ/xfzdac =a? (—xil) =z

y(x) = cryr + coyp = 1z 2 + o3
|

3. (10 pts) Explain in words and formulas how one could use Reduction of Order and the Method of
Variation of Parameters to construct the general solution of x2y” — 2y = 322 — 1, given that y;(x) = 22 is
a solution of x2y” — 2y = 0. (It is not necessary to actually carry out any of the calculations.)

e Use Reduction of Order Formula to calculate a second linearly independent solution of the homoge-
neous equation (using y; = 2 and p(z) = 0)

1
Y2 = U1 / — exp ( / pdx) dx (Reduction of Order Formula)

[y1]
e Calculate a particular solution of the inhomogeneous equation (using y» determined above and g =
32°—1
2 )

Yp = —U1 / %dm + 21 / %dw (Variation of Parameters Formula)
Y1Yz — Y2 Y1Y2 — Y192
o General solution will be

y(z) = yp(z) + c1y1 (z) + c2y2(x)



4. Determine the general solution of the following differential equations.
(a) (5pts) ¥ — 4y’ —y =0
e This is second order linear with constant coefficients. The roots of the characteristic polynomial are

0=)2—dr—y = )—aEvI6+d V216+4:2i\/3

(two distinct real roots) and so

(2+\/5)£K (2—\/5);5

y(x) = cre + coe
|
(b) (5 pts) y" + 12y' + 36y =0
e This is second order linear with constant coefficients. The roots of the characteristic polynomial are
0=A+1224+36=A+6)> = A=—6
(a single real root) and so
y = c1e7 %% 4 cyre™ 5
|
(c) (bpts) vy —4y +13y =0
e This is second order linear with constant coefficients. The roots of the characteristic polynomial are

4+16—-52 4++/-36
2 o 2

0=XA2—-4\+13 = \= =2+3;

(a pair of complex conjugate roots) and so
y = c1** cos(3x) + coe*¥ sin (31)
|
5. Given that y;(z) = €2* and yz(x) = e are solutions of y" + ¢’ — 6y = 0.
(a) (10 pts) Use the Method of Variation of Parameters to find a particular solution of ¢y’ 4y’ — 6y = e*

—3x T 2T T
Yog Y19 0w [ (e7%7)e g [ ()
= -y | —— 5 —dv+ 2/—dx:fe /—,dere /—“dx
o Y /ylyé—yiyz V2|t — vy —He— —Be— =

1 1 1 1 1 1 1 1
= gez””/e’““’dac - ge*3z/e4xdx = gezx (—e™) — 5673”” (Ze“) =- (5 + %> e’ = fZe““’

|
(b) (5 pts) Find the solution satisfying y(0) = 0, y’(0) = 2.
e The general solution is y =y, + c1y1 + coy2 = $€% + c1** + cpe™ 7
0=-1+c+4e } 3 7 1 3 T s

_ v - _ — T 2 2x
2= 149 —3c “A=5 0 2Ty AR A S LT



6. Find the general solution of the following Euler-type differential equations.
(a) (5 pts) 2%y" + dxy’ — 10y =0

e This is an Euler type equation:

L_3EVOFI0 347

O=r(r—1)+4r—-10=7r>4+3r—-10 = 5 5 2,—5
The indicial equation has two real roots; and so
Y= clxz + czx_5
|
(b) (5 pts) x2y” — b5y’ + 9y =0
e This is an Euler type equation:
0=r(r—1)—=5r4+9=r>—6r+9=(r—-37°> = r=3
The indicial equation has a single real root; and so
y = c12® + cox’ In |z
|
(c) (5 pts) 22y” — bay' + 13y =0
e This is an Euler type equation:
O=r(r—1)—5r+13=1>—6r+13 = r= 2= ”236_52 = _GiQ‘/__m =—3+2i

The indicial equation has a pair of complex conjugate roots; and so
y=ciz 3 cos (2In |z|) + coz ™3 sin (21n |z|)
|
7. Determine the general solution of the following differential equations.
(a) (10 pts) y"" —y"” —8y'+12y = 0 (Hint: x+3 is a factor of the characteristic polynomial for this equation.)

e Using polynomial division, one sees that the characteristic polynomial A> — A2 — 8\ + 12 factorizes
as

oA -8+ 12=(A+3) (N2 =4 +4) = (A +3) (A —2)?

and so we have a real root A = —3 with multiplicity 1 and a real root A = 2 with multiplicity 2. The
general solution is thus
Y = cre73% 4 c9e®® + caxe®®
|
(b) (10 pts) ¥ + 6y” + 9y = 0 (Hint: the characteristic polynomial is a perfect square)

e The characteristic equation is
0=X'+60+9= (3 +3)" = [(A\+V3i) (A—\/ﬁz')]z = (A+\/§i>2 (r- \/§i>2
and so we have a pair of complex roots with multiplicity two. The general solution is thus
y = 1% cos (\/gx) + €% sin (\/gx) + ¢3¢% 1 cos (\/gx) + 4%z sin (\/gx)
= ¢jcCO08 <\/§x> + ¢ sin <\/§x> + c3x cos <\/§x> + c4x sin (\/§x>



