LECTURE 18

Euler Equations

We are now going to consider how to construct solutions of a slightly broader class of differential equations;
those of the form

(18.1) 22y +azy' +By=0 ,

where a and [ are constants. Note that the point z = 0 is a regular singular point. A differential equation
of this form is called an Euler equation.

To solve such equations, we make the following ansatz:

(18.2) y(x) =2a"
Then
(18.3) LA
and so plugging (18.2) into (18.1) yields
0 = 22 (r(r —1)a"%) + ax (rac’”_l) + Ba”
(18.4) = (rr=1)4+ar+08)a"

= (P+(a=1)r+p)a"
We can thus ensure that (18.2) is a solution of (18.1) by demanding
(18.5) P4 (a-1r+p=0
or
. l—at+/(1-—«a)?-405
2

Like that the case of second order differential equations with constant coefficients, we have three different
kinds of solutions, depending on the nature of the quantity inside the square root.

(18.6)

Case (i): (1 —a)?—48>0.

In this case the number inside the radical is positive, so we find a (real) square root. We end up with two
distinct roots

17a+lf(17a)274ﬁ
2

l—a—/(1—a)2—-4p3
2

(18.7) "+ =
T_ =

and, accordingly, two linearly independent solutions

(18.8) yi(z) =2"" , yelx) =2""

The general solution is thus

(18.9) y(z) = cra™ + cox"

Case (ii): (1 —a)? —48=0.
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In this case, we only have one distinct root

(18.10) r= 1*70‘
and so obtain only one distinct solution
(18.11) yi(x) =2" = S
A second linearly independent solution however may be found using reduction of order:
va@) = @) [ grigmen (- [ p(s)ds) dt
= 2 [Tt Meexp (f I %ds) dt
(18.12) = a2 [T Meexp (In o))
= 2" [Tttt
= 22" In|z|
So in this case the general solution is
(18.13) ylx) = ar T+ In ||

Case (iii): (1 —a)? —483 < 0.
In this case the quantity inside the radical is negative so the roots of (18.1) are complex numbers. We set

(18.14) A= 1za po VAB—(—a)p

2 ’ 2

so that we can write the roots of (18.1) as
(18.15) re=Atiu
and write the general solution as
(18.16) y(z) = cra? T 4 ot
However, we still have to make sense of x raised to a complex power. This is done as follows:

M = (exp (In |x|))i+w 4

K3

(1817) — (exp (Infz)))* (exp ()"

= 2 (exp (ipIn|zl))
= 2 (cos(pIn |z|) + dsin(pIn|x]))

The real and imaginary parts of this solution will also be solutions, and, in fact, they will constitute a
fundamental set of real-valued solutions to (??). Thus, in this case the general solution will be

(18.18) y(x) = c1z” cos (uln |z|) 4 coz sin (u1n |z|)

The table below reviews the construction of solutions to Euler type equations and at the same time shows
its similarity with the construction of solutions of 2% order linear differential equations with constant
coeflicients.
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Comparison between Euler-Type Equations and
Equations with Constant Coefficients

Euler-Type Constant Coeffficients
Equation: v+ 2y + 5 By =0 ay”’ + by +cy=0
Ansatz: y(z) = 2" y(z) = e
Condition on r, A: P+ (a-1)r+8=0 aX> +bA+c=0
ry = 1—ai3((§_1)2_46 Ay = —bizlzli—%c
Case (i) (a—1)2—-48>0 b — 4ac > 0
= y(x) = 12" + cpx”™ = y(z) = c1eMT + coet-
Case (ii) (a—1)2-48= b* —4ac =0
l1—a _ —=b
r=— A= 3a
= y(z) = 12" + cox” In x| = y(x) = c1e™ + cowe™®
Case (iii) (a—1)2-48<0 b —4ac < 0
r=Axip A=azxip
= y(x) = c12* cos (uln |z|) = y(x) = c1e** cos(fx)
+cox? sin (pIn |x]) +coe™® sin(fx)

EXAMPLE 18.1. 22y —22y' +2y =0

Substituting y(x) = 2" into this differential equation yields
r(r—1)z" —2(ra") 4+ 22" =0
or
(TZ—T—2r+2)xr:O
so we must have
O=r?—r—2r+2=r2—-3r+2=(r—2)(r—1)
Thus, we have r = 2,1. The general solution is thus
y(z) = c1a? + cor’t

EXAMPLE 18.2. z%y” + 7ay +9y =0

Substituting y(z) = =" into this differential equation yields
r(r—1)z" +7(ra")+92" =0
or
2 r_
(rP—r+Tr+9)a"=0
so we must have
0=r—r+7r+9=r>4+6r+9=(r+3)*
Thus, we have only a single root of the indicial equation » = —3. The general solution is thus

y(x) = c12™3 + coIn|x|z™3
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EXAMPLE 18.3. z2%y” +xy’ +4y =0

Substituting y(z) = =" into this differential equation yields
r(r—1)z" + (ra”)+ 42" =0
or
(r27r+r+4)x7' =0
so we must have
0=r?—r4r+4=r2+4=(r+2i)(r—2i)
Thus, we have a pair of complex roots 7 = 0 + 2i,0 — 2i. The general solution is thus

y(z) = c12°cos(21n|z]) + cox”sin (21n|z|)

c1cos (21n]z|) 4+ cosin (21nz|)



