Math 2233
SOLUTIONS TO FINAL EXAM
10:00-11:50, Friday, May 6, 2005

1. (15 pts) Solve the following initial value problem.

ay —3y=2> , y(1)=3
e This is a first order linear equation with p(z) = —3/x and g (z) = z.
3
u(x) = exp [/p(a:)dx} = exp [/ —dx} =exp(=3ln|z]) =273
x
1 C
y(z) = m /ugdaz + " =a° / (27%) () do + Ca® = 2® (—27") + Ca® = —2® + Ca®
Initial conditions require
3 = y)=—-12+Cc1)P=-1+C = (=4
= y = —2° + 42°
(|
2. Consider the following differential equation.
(y + 62”) dz + (zIn(z) — 4we®) dy = 0.
(a) (5 pts) Verify that 4 = 1/z is an integrating factor for this equation.
e Multiplying the equation by 1/x we obtain
= (Q + 63@) dz + (In(z) — 4e*¥) dy = 0
x
= M(x,y):g—i-fix , N(z,y) =1In(z) — 4e*
x
oM 1 ON .
—_— === = the equation is exact
dy x  Ox
]
(b) (10 pts) Find an implicit solution for this differential equation.
[ ]
¢ = [ Mdx+ Hq(y) = ® = yln|z| + 322 + Hy(y) _ 3 2
¢ = [ Ndy + H(x) = ® = yln|z| — 22 + Ho(x) = ®=ylnlz|+327 —2e
= yln|z| + 32° — 2% = C

]
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3. (15 pts) Find an explicit solution of the following homogeneous ODE: @ _ Yty

dx x?
(Hint: use the following change of variables: z = y/x.)
_ oy Yy =zx
z = e = { y/ = x4z
2
N Z/szwzzzﬂ
x
d d
= 2'x =22 = —jz—x = —z t=Injz|+C
z x
x —x
= ——=1 C = =
y nlel+ Yo |z| + C

4. Find the general solutions of the following differential equations.
(a) (5pts) ¥ =3y +3y=0
— This is second order linear with constant coefficients. Substituting y = e** we find

+/0=12
0 = M—_3\+3 = Az%z%i?i

3. V3 5. . (V3
= y=ciez¥cos | -z | +eacrexsin| -z

(b) (5 pts) x2y" — 5xy’ +9y =0
— This is a Euler-type equation. Substituting y = «” we find
0 = rir—=1)—6r+9=r*-6r+9=(r-3°> =  r=3

= y=c12° + oz’ In|z]

(C) (5 ptS) y//// + 4ylll _|_ 4y// — 0
— This is fourth order linear with constant coefficients. Substituting y = e** we find
0 = N+ +? =2 (2 ++4)=N20+2° = A=0,-2

= y=c1+ cox + cge” 2% 4 cqze
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5. (10 pts) Given that y;(x) = z is one solution of x2y” — xy’ +y = 0, use Reduction of Order
to determine the general solution.

_ yl/ [yi]zexp (—/xpds> dx:x/x_2exp (/$ ids) dm:x/x—2exp[1n|m|]dx=x/x—2 (x)daczx/x_l

= zln|z|

= Yy =12 + coxln ||

O
6. (15 pts) Use the Method of Variation of Parameters to find the general solution of the following
inhomogeneous differential equation.

y" — 5y + 6y = €”
— The homogeneous equation is
Yy — 4y + 6y =0
This is 2% order with constant coefficients. Substituting iy = e** into this ODE we get

0 = AM-5A4+6=A-2)(\—3) = A=23
= Yy = 631 ) Y2 = 62:1:
Wly,ye) = wiys —vhye = (€°7) (3¢°%) — (2¢77) (¢%7)
_ e5$
Y29 Y19
= — — =7 _dx+ /7@;
v n / W [y1, o) V2 | Wiy, vo)

3z 2x ,x
= —e2w/e 56 dw+e3”/e 56 dx
e r e’r
= —e2m/e_1dx+63z/e_2zdx
1 1 1 1
— 7622: e + e3:r 767293 —et (1= 2 — Ze%
—1 —2 2 2

1
y(x) = yp(x) + cry1(x) + coya(x) = 561 + 1% 4 0%
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7. (10 pts) Suppose y = >~ jan(z — 1)™ is a series solution of zy” + 2y = 0. Determine the
recursion relations for the coefficients {a,,}.

y = ZQan(m— 1"
n=0
"= ((x—1)+1)Zn(n—1)an(aﬁ—1)"—2 = Zn(n—l)an (x —1)" +Z (n—1)a,(z—1)"
n=0 n=0
= Y DM @) Y (14 2) (1 D (2 1)
n=—1 n=—2
= O+Z(n+1)(n)an+1 (x—l)n+O+O+Z(n+2)(n+1)an+1 (z —1)"
n=0
o0
= S0+ (14 Daer + (04 D nag ] (@ — 1)
n=0
0 = xy’ —2y = Z [(n+2)(n+1)apia + (n+ 1) naps1 — 2a,] (x — 1)
= O=(n—|—2)(n—|—1)an+2—|—(n+1)nan+1—2an , n=0,1,2,3,...
2a, —n(n+ 1)ant1
= A
2 (n+2)(n+1)
O
8. (10 pts) Suppose that y(z) = >~ ;anz™ is a power series solution of " — zy’ —y = 0. Given
that the recursion relations for the coefficients {a,} are
a _ 20
T 2
write down the first four terms of the power series solution satisfying y(0) = 3, v/(0) = 2.
apg = 3
ay =
ao 3
Qa = = —
2 0+2 2
a1 2
a3 = —_— = —
1+2 3
3 2
= y = ap+ a1z + asz® + agz® + - - =3+2x+§x2+§x3+---
(Il
9. Consider the differential equation ?(z + 2)%y” — 22y’ + 3y = 0
(a) (10 pts) Identify and classify the singular points of this differential equation.
-2
p(z) = 5
( )_ ’“”52)2 = singular points are x = 0, —2
1> = P22y
deg(p,0) = 1<1 ,deg(qg,0)=2<2 = x = 0 is a regular singular point
deg(p,—2) = 2>1 ,deg(q,—2)=2 = x = 0 is a irregular singular point
O

lin
(b) (5 pts) What is the minimal radius of convergence of a power series solution of the form
y(x) =307 g an(z —4)"?

-2



— The expansion point is ¢y = 4 and the singular point that’s closest to that point is z = 0
Rinin = min {4 — 0], |4 = (=2)[|} = min{4,6} =4
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10. (15 pts) Consider the differential equation
3xy” +y =0

and suppose there is a series solution of the form
o0
ylx) =a" Z anz™  with ag # 0
n=0

Determine the leading exponents (the possible values for r) and the recursion relations for the
coefficients a,. (You do not have to write down the corresponding solutions.)

oo oo
= z" E apz" = E anx™ "
n=0 n=0

= 3xZ(n+r) (n—f—r—l)anx”“_Q:Zi’)(n—i—r) (n+r—1)a,z"" 1 = Z 3(n+r+1)(n+7)an2™t"

oo

n=0 n=0 n=-—1

= 3r(r—1)ap + Z 3(n+r+1)(n+7r)ap2™t"

n=0
0 = 3z +y=3r(r—1) +Z[3(n+r+ D(n+7)ans1 +ay] 2™

n=0

N 0=r(r—1)

0=3(n+r+1)(n+r)apy1+a, , n=0,1,2,...
Thus the possible values of r are 0 and 1, and the recursion relations are
a = —On
T 34 r+1) (n+r)
O
11. (15 pts) Use the Laplace Transform Method to solve
y'+3y +2y = 0
y(0)
y'(0) = —4

— Taking the Laplace transform of the differential equation we obtain
= (s*Ly] = sy(0) =/ (0)) + 3 (sL [y] = y(0)) + 2L [y] = s*L[y] — 3s + 4+ 3sL[y] — 9+ 2L [y]
= (s®+3s+2)L[y] —3s—5
3s+5 35s+5
s2+35+2 (s+1)(s+2)
To invert the Laplace transform we use a partial fractions expansion:
3s+5 A B

= Lyl =

CESIET) s+1+s—|—2 = 3s+5 (s+2)+B(s+1)
s = -1 = 2=A1)+0 = A=2
s = -2 =  —1=04B(-1) = B=1
So
2 1
Ly = 3s+5 = + =2L[e "]+ L[e ] =L[2e7" + e %]

(s+1)(s+2) s+1 s+2

= y=2e"" e



