Math 2233
Homework Set 7

1. Find the general solution to the following differential equations. If initial conditions are specified, also
determine the solution satisfying those initial conditions.

() ¥ +2y" +y =0
e 'The characteristic equation is
0= M +224+y=N+1)2=(0—i) A +9)) = =) (A +1i)

We thus have two complex roots, A = +i,—t each with multiplicity two. The corresponding
linearly independent solutions are

y1(z) = cos(x)
ya(z) = wxcos(w)
ys(z) = sin(x)
ya(z) = wsin(x)

and the general solution is
y(z) = ¢1cos(x) + cax cos(x) + ¢z sin(x) + ¢z sin(x)

(b) y/// _y// _y/+y -0
e 'The characteristic equation is

0=X -\ -A+1

Note that the right hand side vanishes when A = 1; therefore (A — 1) must be a factor of A% —
A2 — X\ + 1. Indeed,

A=D1 NN -2+ 1=XN—1=(x—1)(z+1)
So the characteristic polynomial factors as
Mo l=(0-1)*+1)

Thus we have a double root at A = 1 and a single root at A = —1. The corresponding linearly
independent solutions are

U (35) = ¢
ya(z) = we”
ys(z) = e °

and the general solution is

y(r) = c1€” + cowe” +cge ©

(¢) y"=3y"+3y —y=0,90)=1,4(0)=2,y"(0) =3
e 'The characteristic equation is

0=X-3\2+3 -1

Again A = 1 is an obvious solution and so (A — 1) is a factor of A> — 302 4+ 3\ — 1. To find the
remaining factors we employ polynomial division and find

A=D1 =32 43 —1=2 -2+ 1=(A—1)?
and so
0=X -3 243 -1=A-1)(A-1)°’=(1—-1)"
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We thus have a triple root A = 1. The corresponding linearly independent solutions are

yl(x) = €°
ya(z) = we”
ys(r) = x?e”

and the general solution is

y(r) = c1€” + come® + csx?e®

We shall now impose the initial condtions to fix the arbitrary constants ¢y, c2, and c3.

1 = y(0) = c1e® +c2(0)e? + ¢3(0)%e® = ¢;
2 = y(0)=c1e” + c2 (e + (0)€°) + c3 (2(0)e’ + (0)%¢°) = ¢1 + 2
3 = y"(0)=c1e” +co (2 +€” + (0)e°) + c32¢” +2(0)e® +2(0)e” + (0)%€” = ¢1 + 2¢2 + 2¢3

and so we have

cT = 1
co = 2—c1=2-1=1
1 1
Cy = 5(3—01—202):§(3—1—2):0

The solution to the initial value problem is thus
y(r) = ¥ 4+ xe”

(d) y/// + 5y// _ y/ —B5y=0
e 'The characteristic equation is

0=X+5X2—-\+5

Again we are lucky enough to spot the solution A = 1 and so we can identify the other roots by
factoring the right hand side of

A=D1 M 45X02 A +5=7 -4\ +5

Obviously, A2 — 4\ +5 = (A —5)(A + 1), and so the right hand side of the characteristic equation
factors as

0=M\—1DA=5)(\+1)

We thus have three distinct roots A = 1,5, —1. The corresponding linearly independent solutions

are
y(zr) = ¢€°
Yo (.’,U) — 65;1:
ys(z) = e °

and the general solution is

y(r) = c1e” + €% + cge” "

(e) ¥y —9y" =0
The characteristic equation is

0= =922 =2A2(A2 - 9) = A2(A = 3)(A +3) = (A — 0)° (A — 3)(+3)



We thus have a double root at A = 0, and single roots at A = £3. The corresponding linearly
independent solutions are

n(z) = e =1
ya(z) = e =z
ys(z) = €3
yi(z) = e 3@

and the general solution is

y(x) =c1 + cr+ c3€3® 4 cqe” 3

2. Combine each of the following power series expressions into a single power series.

in—l—l x—1"" 1—0—2 n{x — 1)"
= n=0

e First we shift the summation index of the first power series up by 1 (remembering to shift its

starting point down by 1);

i(n—l—l)x—l i (x—1)" in—|—2 z—1)" i (x—1)"
n=1 n=0 n=0 n=0

Now both power series start off at the same value of n and involve the same powers of (z — 1); so
we can combine them into a single power series by simply adding the coefficients of like powers
of (x — 1). Hence,

in—l—l —1)”’1—0—50:711:” =
n=1 n=0

NE

(n+2)+n)(z—1)"

3
Il
=]

I
]3¢

(2n +2)(xz—1)"

3
Il
=]

i n 4+ 1)anioz +1—|—Znan
= n=0

_o This problem can be handled several diflerent ways. We could shift the summation index of the

first series down by 2, or we could shift the summation index of the second series up by 2, or we
could shift the first up by 1 and the second down by 1. Let’s do it the first way

(o0}

o0 o0
E n 4 anior™ ™ 4 E na,z® ! = E (n— Daya™ ' + E Nppox™ 1
n=0 n=0

n=2 n=0

o0 o0
= Z(n — 1)anx”’1 + 0asz ™' + lagx® + Z Npaox™ 1
=2 n=2

= az+ Z (n—Vay, +na,pz)a™ !
n=2

= a3+ Y ((n—1)apr +(n+Dags)a

n=1

In the last step we shifted the summation index again just so that it would be easy to identify
the total coefficient of the nt”* power of = in terms of n.
o0

(¢c) (x—1) Z na,z" ' + Z anx"
n=0 n=0



o0 o0 o0
T Znanxnfl— Z na,x™ '+ Zanaz”
n=0 n=0 n=0
o0 o0 o0
Znanaz”— Z na,x™ 14 Zanaz”
n=0 n=0 n=0

(o0}

inanaz”— Z (n+ Dany12"+ ianx”
n=0

n=-—1 n=0

Znanaz"— ((—1 + 1)a,1+1x71 + Z(n + Dagi12™

n=0

S (04 1) (@ — ana)a”

3
Il
=]

)

xni_o%nan(x —nt +§%an(gg — 1"

[(x—1)+ 1]271%(:(; — 1t +§%an(x -1

inan(x — )"+ inan(x — )ty ian(:ﬂ — 1"
Znan (x—1)"+ Z (n+1)ansy(z —1)" —I—Zan (x—1)"
nzz;)nan(x — )"+ ((O)CLO(x —1)° +n;1(n+ D (x — 1)n>
+§:an(x—1)”

Znanx—l in+1an+1x—1 —O—Zanx—l

(nan + (n+ Daps1 + an) (x — 1)

e i

3
Il
=]

(04 Dty + (0 + Dag) (x = 1)"

]3¢

3
Il
=]



x? Z n(n—1)a (x—1)""2

e We shall begin by calculating the Taylor expansion of 22 about z, = 1.

2 = flx) =
14 2(x —
14 2(x —

Therefore

x? Z n(n — Day(x —1)" 2

3. Find the recursion relations for the power series solutions y(x)

differential equations

(a) ¥ —2y' —y, 2, =0
e Setting

10+ 7 -1+ T W @2 FW e gy
1)—0—5(:):—1)2—0—%(3:—1)3—0—@(96—1)4—0—
)+ (xz—1)

(1+2(x— 1) + (z — 1) Z n(n—1)a,(x —1)"2

+zx—1) Z n(n —1)an(x —1)""2

Dap(z —1)" = +2(x—1) Znn—lanx—l) -2
n=0

3

n(n—1Day(x —1)""2 4+ Z 2n(n — Vay(x — )" 1

gk

_I_

]2

n(n— Day(z —1)"

ST (n+2)(n+ Dana(—1)"+ >

n=-1

g =

2(n +1)(n)an 4 (z —1)"

)

n=—2

—|—Zn(n— Dap(z —1)"
( Z (n+1)( an+1(x—1)”>
i n(n— Day(z — 1)"

[(m+2)(n+ Dagsz + 20(n + Dagr1 +n(n— ay] (x —1)"

(0 +0+ i(n +2)(n+ Danto(z —1)"

MS

0

3
Il

O

S0 o an(z — x,)™ of the following

y(z) = Z an (x —0)" = Z anz"



into the differential equation (?7), we get

o0
0 = Z n(n — a,z" Q—xZnanx”’I—Zanx”
n=0 n=0 n=0
o0 o0 o0
= Z n(n — ay,z" —2 xZnaanc”—Zanm”
n=0 n=0 n=0
We now shift the first series by 2 by setting
= n—2
n = k+2

and simply relabel the counting index of the last two series by k.

(o0}

0 = Z (k+2)(k+ l)ak+2xk — i kapx” i apz’

k=—-2 k=0 k=0

= (=24 2)(=2+ Dagr 2+ (=1 +2)(=1 + Dayz* + i(k +2)(k + 1)agoa”

k=0
o0 o0
— E kakxk— E akxk
k=0 }=0

= 040+ (k+2)(k+ Dappor® = > kara® = > apa”
k=0 k=0 k=0

= Z ]C+2 k+1)ak+2—kak Cbk)
k=0

In order to ensure that the right hand side vanish for all z we now demand the total coeflicient
of % vanish for all k. Thus

(k+2)(k+ 1agye — (B+1Dax =0 , for all k&

or, after solving for axyo and then replacing & by n

j— a/n
Gpt+2 = (n+2)
The above equation is the recursion relation for the coefficients a. |
b) y'—ay —y=0,2,=1
o We set

= Z an(x —1)"

and plug into the differential equation:

inn—lanx—l —xZnanm’—l Zanx—l
n=2



The hardest part about this problem will be to combine the three power series appearing on the
right hand side of the equation above into a single power series. We have

0 = in(n—l)an(x—l —xZnanm’—l Zanx—l
n=2
= in(n—l)an(x—l)” —(z—-141) Znanx—l Zanx—l
n=2 n=2
= in(n—l)an(x—l)” (x—1) Znanﬂc—l Znanx—l
n=1
—ian(m’—l)”
n=0
= in(n—l)an:ﬂ—l Znanx—l Znanx—l
n=2
—ian(x o)™
n=0

= Z(m+2)(m+1)am+2 (x—1)™ Znanﬂc—l

_ i(k+1)ak+1x—1 Zanx—l
_ gfn L e D
—gm Dansi (@ = 1) O: anlw—1)"
= g% ((n+2)(n +1)ans2 = nan — (4 Dagy +an) (x = 1)"

We must therefore have
0=Mn+2)(n+Dapiz —nan — (n+ Dagt1 —a

or
a — A, + Cbn+1

(¢) l—2)y"+y=0,2,=0

®
(1-2)y"+y=0 , T, =0

Since z, = 0, we set

o0
= E anx”
n=0

and plug this expression for y(x) into the differential equation. This yields

0 = 1—302 n—lanx”Q—l—Zan
n=0 n=0

= Z (n—1ayz" inn—lannl Zan
n=0

n=0



We now perform the usual shifts of summation indices (in order to put each series in standard
form) and then combine the above sum of three series into a single series.

0 = D (k+2)(k+ Dagpor” = D (k+ D)(K)appaa” + ) aga”
k=—-2 k=—-1 k=0
= 0+0+Z (k+2)(k + 1)apioz® —0 — Zkz+1 (F)ags1a® +) " aga”
k=0 k=0

= Z (k4 2)(k + Daggps — k(k + Dagey + ag) 2"
k=0

We can now read off the recursion relation:
(k+2)(k+ Dagre —k(k+ Dage1+ar =0
or, after solving for axyo and then replacing & by n

nn+1ant1 —a
n+2)(n+1)

Api2 =

(d) y"+2y’' +2y=0,2,=0
e Since z, = 0, we set

o0
= E anx”
n=0

and plug this expression for y(x) into the differential equation. This yields

(o0}

o0 o0
0 = Z n(n — 1)anx”’2 +x Z napx™ ' 42 Z anx"
n=0 n=0

n=0
n{n — Dayz™™ 2—|—Znanaz —0—226%30

We now perform the usual shifts of summation indices (in order to put each series in standard
form) and then combine the above sum of three series into a single series.

I
|M8

0 = > (k+2)(k+ Dagrod® + Y kapa® + > 2a2"
k=—2 k=0 k=0
= 040+ (k+2)(k+ Darsor’ + > kara® +> 252"
k=0 k=0 k=0
= D ((k+2)(k+ Dageo + (k +2)ay) 2"
k=0

Our recursion relations are thus,
(k+2)(k + Dags2 + (k+2)ar, =0
or, after solving for az,o and then replacing &k by n
Qn
n+1

Apy2 =

(e) (1+2%)y" —4zy' +6y =0, 2, =0
e Since z, = 0, we set

n=0



and plug this expression for y(x) into the differential equation. This yields

0 = 1—0—:)0 i (n—1)anpz™" —4x§:nanx”+6§:an:ﬂ”
n=0

= Z n(n — 1)anx”’2 + Z n(n — 1)a,z" Z dna,x"™ + Z 6a,x"

We now perform the usual shifts of summation indices (in order to put each series in standard
form) and then combine the above sum of three series into a single series.

0 = i(k+2)(k+1)ak+2x —I—Zk -1 akx Z4kakx —l—ZGakx
k=—-2 k=0
= 0+0+Z (k+2)(k + 1)aj.2a” +Zkz — 1apz® Z4kakx —I—Zﬁakx

k=0 k=0

((k+2)(k+1)agra+ (K* — 5k +6) az) 2"

e 11

((k+2)(k + Dagrz + (k — 2)(k — 3)ay,) 2*

e
Il
=]

We thus arrive at the following recursion relation (k+2)(k+1)ags2+ (kK —2)(k —3)ar = 0. After
solving for aj.o and then replacing & by n

O

4. Find power series expressions for the general solutions of the following differential equations. (You may
utilize recursion relations found in Problem 3.)

(@) " —ay' —y=0,2,=0
e In Problem 3a we found that the recursion relations for a power series solution about x, = 0 for
this differential equation are

Gnp
a 2 =
e n+4 2
We will now apply these recursion relations for n = 0,1,2,3,... to get expressions for the coefli-
cients asg, a3, a4, as, ... in terms of the first two coeflicients ag and a.
_ _ _ _ag aq
n=0 = CLQ—CL0+2—0+2—2
_ — — a1 _ a1
n=1 = az = a1+2 = 175 = 3
_ _ — @ _ a3 _ ag
n=2 = a4=a22=5%="F=73]
— — — @3 _ 83 _ a1
n=3 = as=a32=37%="7% =33
_ — — G4 _ as _ _ag_
n=4 = as=0t2= 115 = ¢ = 3456
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y(z) = Zanx”
n=0

2 3 4 5 6
= ao+ar+ax®+azx” +a4x +asxr” +agr +---

_ a0 2, 4 3, @ 4, YU 5 o
O L D= R BT BT
1

— ag 1—|—1$’2—|—L$4—|— x6_|_...
2 2-4 2-4-6

1 1
+a1 <x—|——x3—|——x5—|—~~~>

x6_|_...

3 3-5
b) y'—azy—y=0,2,=1

e n Problem 3b we found that the recursion relations for a power series solution about z, = 0 for this
differential equation are

a _ A, + Cbn+1
g = - T
T ()
We will now apply these recursion relations for n = 0,1,2,... to get expressions for the coeflicients
a2, a3, G4, ... in terms of the first two coeflicients ag and a;.
— — — ao+a1 _ ag a1
n=0 = a2 =ay2= 012 —2—0—12
— — — ai1Ttaz _ 41 1 {20 a1y — %o ay
n=1 = a3=a14+2= 112_13_'_3(2_'_21)_64—2
— — — az2+as _ 1 (ag a1 1 {20 a1y — ao ay
n=2 = a=aa=%3=1(Y+9)+(?+Y) =9+

Therefore
y(@) = D an(z—1)"
n=0

= a+ax—1)+a@-1) > 4a@-—17>+a@—-1)"+---

- ao—l—al(x—l)—l—(%—l—%)(m—l)Q—l—(%—l—%)(x—1)3+<%+%)(x—1)4+~~

= Cbo<1+%(9€—1)2+é($—1)3+é($—1)4—|—~~~>+

ay <(:(:—1)—|—%(:):—1)2+%(x—1)3+711(x—1)4+~~~>
|

5. Find power series expressions for the solutions to the following initial value problems. (You may utilize
recursion relations found in Problem 3.)

(a) 1—2)y"+y=0,y90)=2,y(0)=1
e In Problem 3¢ we obtained the following recursion relations for power series solutions of this
differential equation (expanded about z, = 0).
nn+1)ant1 — an
(n+2)(n+1)

Api2 =

For such solutions

y(r) = Z anx™
n=0
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the initial conditions imply

2 = y(0)=ao
1 = y0)=a
We now can apply the recursion relations to get numerical values for as, asg, aq, ...
0(0+1)a—
n=0 = a2:7(+%)i T = 80— |
1(1+1)ay— Z 9
n=1 = a3 = (+3_;2 @1:2a26a1: 261:_%
_ _ 2(24T)as—az _ 6a—as _ —3+1 _ 1
n=2 = a= ( 4)-3 T o Tz 76
_ _ 3B+1l)as—as _ 12as—a3 __ — +§ — 3
n=3 = as= 54 =20 T 20 T 40

S0

y(r) = Zanx”
n=0

= qp+a1x+ a2x2 + a3x3 + a4x4 + a5x5

1 1 3
2 g3 g4 D5

= 92 —
tror o3 6" T 40

)y —2y —y=0,y(1)=1,¢y'(1) =2

e In Problem 3b we found that the recursion relations for a power series solution about z, = 1 for this
differential equation are
Qp + Qpt1
(n+2)
Also, also in Problem 4b we found that the power series expansion about £y = 1 of the general solution
to this differential equation is

ya)=ao+afe-1)+ (T + D) @-02+ (Z+ ) @- D'+ (Z+T) @)t

All that remains to be done is to use the initial conditions to fix the values of the first two coeflicients.
yl)=1 = a=1
y(H)=2 = a =2

Therefore, the solution to the initial value problem is

Apy2 =

y(r) = 1—0—2(90—1)—0—(%—0—;)(x—1)2+<é+§>(x—1)3+<é+§1>(x—1)4—|—~~~
= 1+2(x—1)+g(x—1)2+g(x—1)3+214(x—1)4+~~



