Math 2233
Homework Set 6

1. Solve the following Euler-type equations.
(a) l’2y” —l—xy’ +y= 0
e Since the differential equation is of Euler-type we expect solutions of the fomr y(x) = 2”. Substituting
y(z) = «” into the differential equation we obtain
0="2" (r(r— 1)30’"’2) +a(ra" 42" =(r—+r+1)a" = (7“2 +1) 2"
The indicial equation is thus
P +1=0

This equation has two complex roots r = £i. We thus have the following two linearly independent
real-valued solutions

cos (In |z])

yi()
ya(z) = sin(In|z|)

and the general solution is

y(.’IJ) = (1 COS (111 |.’IJ|) + co sin (111 |.’IJ|)
b .’IJ2 T +2y=0

e Substituting y () = 2" into this equation yields
O=r(r—Da" —ra" 4+ 22" = (7“2—27“—0—2)30’"
So we must have
72 —2r4+2=0
or, after applying the quadratic formula,
. 2+/4-8 24 242
2 2 2

We thus have two complex roots of the indicial equation and thus the following two linearly independent
real-valued solutions of the original Euler-type differential equation

=1+

yi(x) = xcos(In|z|)
yo(z) = xsin(In|z|)
The general solution is thus

y(z) = crz cos (In|z|) + cex sin (In |z|)
(c) a2y — dzy +3y = 0, 5(1) =0, y/(1) =1

e Substituting y () = 2" into this equation yields
0=4r(r— 1)a" —4ra” + 32" = (4% — 8r +3) 2"
So we must have
4r* —8r+3=0

or, after applying the quadratic formula,

T_Si\/64—48_81—\/ﬁ_814_1i1
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We thus have two real roots of the indicial equation; r = %,%

independent solutions of the original Euler-type differential equation are

The corresponding the linearly

yi(x) = 2°°
y2(x) — .%’1/2
The general solution is thus
y(x) = 13?4 cout/?

(d) 2%y" — 32y’ +3y =0

e Substituting y () = 2" into this equation yields
O=r(r—1)z" —=3ra" +32" = (r—4r+3) 2"
So we must have
0=7*—4r+3=(r—1)(r—3)

We thus have two real roots of the indicial equation; » = 1, 3. The corresponding linearly independent
real-valued solutions of the original Euler-type differential equation are

vir) =
ya(x) =
The general solution is thus

y(x) = 1z 4 co2®

(e) z%y" +5zy' +5y =0

e Substituting y () = 2" into this equation yields
O=r(r—1)z" +5raz" +52" = (r+4r+5) 2"
So we must have
0=r"+4r+5
Applying the Quadratic Formula we find

—4+ /16— 20 V=i
r=—— =2k = 2k

We thus have a pair of complex roots of the indicial equation; »r = —2++¢. The corresponding linearly
independent real-valued solutions of the original Euler-type differential equation are

yi(z) = x %cos(In|z|)

yo(r) = a Zsin(In|z|)
The general solution is thus

y(x) = cyx 2 cos (In |z]) + coz ™2 sin (In |z|)

2. Given that y; (z) = e* and yo(x) = x are solutions of
(I-x)y" +xy' -y =0
find the general solution to
(1—z)y" +ay —y=2(x—1)% "

by the method of Variation of Parameters.



e In this problem we have

g(z) = W =2(1—x)e ”
Wilyye] (z) = e(z) — (%) z=e"(1) - (") z = (1 — z)e”

and the Variation of Parameters formula yields

— il y2(8)9(s) o\ oo [T _w(8)als)
w(@) = =@ [ @ PO L e (9

B O PR APl LR

a / (1 —s)e 5+ / (1 —s)es d

= —0—26‘”/ se 2 ds — 21:/ e °ds
1 1
= 2&* <—§LL’€2I — 1_162I> — 2z (—e"”)

1
[ -z _ T =T 2 —x
xe 26 + 2ze

as a particular solution to the non-homogeneous differential equation. The general solution is thus
— X 1 — X — X x
y(@) = yp(x) + a1y (z) + cope(x) = —xe™ ¥ — 5€ +2ze T 4+ c1e” + o

3. Find the general solution of each of the following equations by the method of Variation of Parameters.
If initial conditions are given, find the solution satisfying that initial value problem.

(a) y" — 3y +2y =10

e 'The corresponding homogeneous equation is
(1) y' =3y +2y=0
which is second order linear with constant coeflicients. Its characteristic equation is
A —3A+2=0
or
A=2)(A=1)=0

and so we have two real roots A =2, 1 and two linearly independent solutions of (1):

Ui (.’,U) — 62;1:

ya(z) = e

xz

We will now use the Variation of Parameters to determine a particular solution of the original non-
homogeneous equation. First note that

glx) = 10
Wy, ye] () = (%) (") — (2¢**) (€¥) = —€™*



and so
g [T [T n(s)a(s)
yp(x) - yl( ) W [yh y2] (S) d + y2( ) W [y17y2] (S) d
T s T 2s
= e / _e_(elg(s)) ds +e” / 7e_$?) ds

= —0—1062‘”/ e’zsds—10e‘”/ e °ds

= 10e%* <—%62I> — 10e” (—e"”)
= —5410
5

Thus the general solution is

y(x) = yp(x) + c1y1(x) + caya(x) = 54 ¢ + cae”

(b) " +y =sin(z), y(0) = 1, y'(0) = 2

(2)

e 'The corresponding homogeneous equation is

y'+y=0
which is second order linear with constant coeflicients. Its characteristic equation is
M+1=0
or
A+9)(A—=4) =0
and so we have two complex roots A = +2¢ and two linearly independent solutions of (2):
yn(z) = cos(x)
ya(z) = sin(z)

We will now use the Variation of Parameters to determine a particular solution of the original non-
homogeneous equation. First note that

glx) = 3sin(x)
W ly1,y2] () = (cos(x)) (cos(z)) — (sin(z)) (sin(z)) = cos®(z) +sin’(x) = 1
and so
_ ©_y2(5)9(s) T _1(8)9(s)
yp(x) = —hn (.’,U) W [yh y2] (S) ds+ Y2 (.’,U) w [y17y2] (S) ds
_ cos(x)/ sin(s) (18111(8)) ds + sin(x)/ cos($) ism(s)) s

T

= —cos(x) / ’ sin?(s)ds + sin(z) / cos(s) sin(s)ds
= —cos(x) <—% cos(z) sin(z) + %x) + % sin(x) <% sin? (x))
= cos(z)sin(x) - %xcos(x) + 711 sin® ()

The general solution is thus

y(z) = 5 cos® () sin(z) — %x cos(z) + le sin®(x) + ¢, cos(x) + ¢z sin()



We now impose the initial conditions to fix ¢; and ¢y

1 1 1
1 = y(0)= 5 cos® (0) sin(0) — 50008(0) + 1 sin3(0) + ¢1 cos(0) + ¢2sin(0)
= 0—0+0+4¢+0
1
, L : 1 L .3 :
2 = y'(0) = < cos”(z)sin(z) — —x cos(x) + - sin”(z) + ¢1 cos(x) + ¢ sin(x)
2 2 4 =0
1 1 1
= 3 (2cos(z) (—sin(x)) sin(x) + cos®(z)) — 5 (cos(x) — zsin(z)) + 1 (3 sin®(z) cos(x) — ¢ sin(z) + ¢ cos(x))
=0
— 0+ t-lio40—04c
27 2 ?
c2

Thus, ¢; =1, ¢ = 2 and the solution to the initial value problem is

1 cos”(x) sin(x) — lx cos(x) + 1 sin®(z) + cos(x) + 2sin(x)

2 2 4
(¢) y" — Ty' + 10y = 100z
e 'The corresponding homogeneous equation
(3) y" — 7y’ 4+ 10y =0
is second order linear with constant coefficients and has
—7A+10=0

as its characteristic equation. Since A2 — 7A + 10 = (A — 2) (A — 5) it’s clear that we have two real
roots A = 2,5 and two linearly independent solutions of (3)

yi(z) = €
ya(r) = €5
The Wronskian for these two solutions is
W ly1,y2] (x) = €** (56°7) — (2¢*7) €7 = 3™

Takiing ¢g(x) = 100z we can now plug into the Variation of Paraemeters formula

g [ 2l o [ _nels)
yp(z) = —yi(2) W[yhyg](s)d + ya(2) W[yLyQ](S)d
¥ 25 (100s ¥ €55 (100s
= —65‘”/ 73( — )ds—l—e%/ 73(675 )ds

100 100 z
= 5‘”/ se P%ds + — 3 /se’%ds

100 1 100 1 1
— 5;1: < 5 — 565;1:) + 762;1: <—§.’IJ€2I _ Z_162;1:>
+ 0 25
= —,’L’ - = — —_
3 3 3 3
= —10z—-7

The general solution is thus

y(z) = =10z — 7+ ¢, €* + cpe®®

(d) ¥y + 4y = sec(2x)



e 'The corresponding homogeneous equation

(4) y'+4y=0
is second order linear with constant coefficients and has
N 4+4=0

as its characteristic equation. Since A\? +4 = (X — 2¢) (A +2¢) it’s clear that we have two complex
roots A = £27 and two linearly independent solutions of (4)

yi@) = cos(2a)
ya(z) = sin(2z)
Noting that
W y1,y2] (2) = cos(2z) (2cos(2z)) — (—2sin(22)) sin(2z) = 2 (0082(236) + sin? (21:)) =2

and
(1) = sec(2r) = —
g(x) = sec(2z) = cos(22)
we can now plug into the Variation of Parameters formula
Y y2(s)9(s) *_yi(s)g(s)
Yp(x) = =1 (T ————"—ds 4+ ya(x —————"—ds
PO =70 el 0O ] W )0
“ sin(2 “ 2
= —cos(2x)/ mds—l—sin@x)/ Mds
2 cos(2s) 2 cos(2s)

1 1
= —cos(2x) <_4_1 In (cos 21:)) + sin(2x) <§ x)
1 1 .
=1 cos(2z) In (cos(2x)) + 5xs1n(2x)
The general solution of the original inhomogeneous differential equation is thus

y(zr) = 211 cos(2x) In (cos(22)) + %x sin(2x) + ¢1 cos(2z) + cosin(2x)

4. Use the method of Variation of Parameters to solve the following non-homogeneous Euler-type equation.

x2y” _ 5xy’ + 9y — xS

e First we solve the corresponding homogeneous equation
2,11

z°y" — 5xy’ + 9y
Substituting ¥ () = 2" into this equation yields
O=r(r—1)z" —5ra" +92" = (r—6r+9) 2"
So we must have

0=7*—6r+9=(r—3)?

We thus have a single real root of the indicial equation; » = 3. The corresponding linearly independent
real-valued solutions of the original Euler-type differential equation are

y(r) = 2°
ya(r) = 2°In|x|

The Wronskian of ¢ () and y2(x) is

1
W [y1,y2] (z) = 23 <3x2 In|z| 4 2* <—> — (32%)2°In |x|> =32 In|z| + 2° — 32° In|x| = 2°
x



7

To identify the function g(x) in the Variation of Parameters formula we must first cast the original
non-homogeneous equation into standard form
1 5 7 9
y'——y'+Sy=uz
x x

Hence, g(x) = . Thus we have

T T

y2(s)g(s) y1(s)g(s)
W 1, 2] (s) W [y1,y2] (8)

T 3 T 3
= —x3/ 7@ 125|8|>8ds+x31n|x|/ —<8828ds
= —x3/ 1n|s|(s’1ds)—|—x31n|x|/ lcls
8

u=In |z|
= —x3/ udu + 2% In |z| (In |z])

yp(x) = —1(2) ds +y2(x) ds

= @ (In |x|)2> + 2% (In |z)?

1
= ix?’ (Ina])?
Thus the general solution is

1
y(x) = yp(x) + ey (x) + coya(z) = 5:)03 (In |:Jc|)2 + ¢ + eox’In ||



