Math 2233
Homework Set 5

1. Determine whether the given equation is linear or nonlinear. If it is linear, write it in standard form and
state whether it is homogeneous or non-homogeneous.

(a) 2y +22%' +y =0
e The equation is linear. To put it in standard form we divide through by x to get
1
y' +22% + = =0.
x
This is a homogeneous linear differential equation. |
(b) y// —l—xy’ +y2 = 2
o This equation is non-linear due to the presence of the y? term. a
(C) 3y” +2y/ +y= :L’5

e This equation is linear. To put it in standard form we divide through by 3 to get

2 1 1
" S = —ZL’5.
LU
This equation is non-homogeneous, due to the presence of the %x‘r’ on the right hand side when it’s
written in standard form. a

2. Verify that the two given functions are linearly independent solutions of the given homogeneous equation
and then find the general solution.

(a) ¥" + 9y =0, y1 (x) = sin(3z), ya(x) = cos(3x)

Yy +95 = (3cos(3x)) + 9sin(3x)
= 3(—3sin(3z)) + 9sin(3x)
= (=94 9)sin(3x)
0

Uy +9s = (—3sin(32))" + 9cos(3z)
= —3(3cos(3z)) +9cos(3x)
= (=949)cos(3x)

0

So both 1 and yo are solutions. They are linearly independent since
Wiy, yal(x) = yi(@)ya(r) — v1()y2(2)
= sin(3z) (—3sin(3x)) — (3 cos(z)) cos(3x)
= -3 (sin2 () + cos® (x))
= 3.1
= -3
# 0



Since y;(r) and yo(x) are two linearly independent solutions of the homogeneous linear equation
4" + 9y = 0, the general solution of this equation is

c1y1 () + caya(2)
¢1 8in(3z) 4 ¢z cos(3x)

y(z)

(b) 4" 42y’ — 15y = 0, 31 (2) = &, yp(w) = ™

[ ]
vl +2y; — 1551 = (3)(3)€* +2(3€*) — 15¢°”
= (94+6—15)¢€®
= 0

(—5)(—5)e 5% 4+ 2 (—be *") — 15¢ >
= (25-10—15)e 5
= 0

Y2 + 245 — 1592

So both y1(z) and ya(zx) are solutions. They are also linearly independent since

Wiy, y2l(@) = vi(@)ys(z) —yi(@)ya(z)
— B (_5675;1:) _ (363;1:) o5
= (-5-3) g2
— _8673;1:
£ 0

Since y;(r) and yo(x) are two linearly independent solutions of the homogeneous linear equation
4" + 2y’ — 15y = 0, the general solution of this equation is

a1y () + c2y2(2)
63;1: + 02675;1:

y(z)

() ¥ + 4y’ +4y = 0, 31 (2) = 2, yo() = 2o

[ ]
yl +4yy — Ay = (=2)(=2)e ¥ +4(—2e ) +4e >
= (4-8+4)e
0
yh +Ays +4dys = (e —21:6’2‘”) +4(e’2‘”—2 ’2‘”)—0—4306 2z
= (26’2‘”— 2‘”—0—4306’2‘”)—0—4(6’ — 2ze 2 )—|—4xe’2‘”
= (-2—-2+4)e ¥+ (4—8+4)ze *®

= 040
0



So both y;(z) and ya(z) are solutions. They are also linearly independent since

yi(@)ys(x) — v (2)ya()
= e @ (6722: — 2xe’2z) — (—26’2‘”) re 2@

e — 9qe ™ 4 Ipe
674;1:

Wy, y2|(x)

”

Since y1(r) and yo(x) are two linearly independent solutions of the homogeneous linear equation
4" + 4y’ + 4y = 0, the general solution of this equation is

y(r) = cyi() +coyz()
cre” % 4 cqre 2

O

3. Given that y;(z) = €3? is one solution of y” — 5y’ 4+ 6y = 0, find a second linearly independent solution
and then write down the general solution.

e To find a second linearly independent solution we apply the Reduction of Order formula

@) =n [ - (13)]2 o |- [ wtoya as

For the case at hand, we have y; (z) = €3 and p(z) = -5, so

yo(z) =

= & e °ds
_ 63;1: (—673?)
— _62;1:

—~ 62;1:

In the last step we dropped the minus sign simply because if —e2? is a solution so is €2® (because
of the Superposition Principle) , and the latter expression for y2(x) is a tad bit simpler.
The general solution is a linear combination of y;(x) and ya(x) :

y(x) = 13 + cpe®®.

4. Given that y;(z) = €2® is one solution of y" — 4y = 0, find a second linearly independent solution and
then write down the general solution.



e We'll again apply the Reduction of Order formula to get a second linearly independent solution. For
this problem we have y;(x) = €% and p(x) = 0. So

yo(z) =

— 62;1: 6745(18
1
— 62;1: <__e4;r>
4
1
— __672;1:
4
—~ 672;1:

Again we have thrown away a constant factor to simplify the expression of y2(x). The general solution
is thus

y(x) = c1e®® + ce 27,

5. Given that y1(x) = x is one solution of ¢y — 2zy’ + 2y = 0, find a second linearly independent solution
and then write down the general solution.

e We'll again apply the Reduction of Order formula to get a second linearly independent solution. For
this problem we have y1(x) = = and p(z) = —2z. So

xz 1 8
XD [ / 2tdt} ds
s

XD [52] ds

yg(.’IJ) = —26

1
?e

x 652
b

f
:x/
.’L’/ S

Unfortunately, we can not actually carry out the final integration to get a simple formula of ya(z).
Nevertheless, the integral can at least always be evaluated numerically, and we can write the following
formula for the general solution of the original differential equation

52

T
e
y(r) = cyr (x) + coye(x) = iz + czx/ S—st.

6. Given that y;(z) = wsin(z) is one solution of z%y"” — 2zy’ + (2% + 2)y = 0, find a second linearly
independent solution and then write down the general solution.

e We'll again apply the Reduction of Order formula to get a second linearly independent solution. This
time we have y;(z) = zsin(x) and p(z) = —% (to identify p(x) we first put the differential equation



in standard form). So

y2(r) = wsin(z) /;IT (ssml(s))Q exp [— /S —idt} ds

z 1
= zxsin(x —— exp|2In|s}| ds
@ [ el

: T,
= xsm(x)/ ﬁs ds

ssin(s))

= zsin(z) /;IT Fl(s)ds
= zsin(z) /HT csc?(s)ds

= xsin(z) (— cot(z))

= sin(s) <—:§)§g))>
(

= —xcos(z)

~  xcos(x)

where in the last step we dropped the factor of -1 to simplify the expression for ys(z).
The general solution is thus

y(r) = crxsin(x) + cox cos(z) .

7. Find the general solution of the following differential equations
(a) y" — By =0.
e This is a second order linear equation with constant coefficients and so we look for solutions of the
form y(z) = e**. Plugging y(z) = e® into the differential equation yields
A2 — 5eM =0
or
(A =5)e =0
Thus the characteristic equation for this differential equation is
M —5=0
or
N =5
which obviously has as solutions

A==+5

So both y;(z) = eV5? and yo(z) =€ V52 are solutions of the differential equation. Moreover, they
are linearly independent since

W y1,y2] (x) = eV5e (—\/567 \/5‘”) — (\/56\/5‘”) e VT = _2\/5 #0.
Therefore the general solution of the differential equation is

y(r) = c1eV5% 4 cpe VT

(b)y"'—3y+2y=0



e The characteristic equation for this second order linear equation with constant coeflicients is
A —3A+2=0
or
A=1D(A=2)=0

Thus, we have A = 1,2 as solutions. To each of these roots of the characterisitic equation we have

a corresponding solution of the original differential equation; namely, y;(z) = e and y2(z) = 2.

These two solutions are linearly independent and so the general solution is

y(x) = cre” + cpe?®.
)y’ —y' —20y=0

e The characteristic equation for this homogeneous second order linear equation with constant coefli-
cients is
M —A-20=0
or

(A—5)(A+4) =0.

Thus, A = 5, —4 and we have two linearly independent solutions y; (z) = ¢°® and ya(z) = e **. The
general solution is thus

y(x) = 1" 4 coe 7.

(d) y" —13y"+42y =0

e The characteristic equation for this homogeneous second order linear equation with constant coefli-
cients is
A2 —130+42=0

To solve the characteristic equation we apply the Quadratic Formula:

—(—13) £ /(—13)2 — 4 (42)

A =
2
_13+4/169 — 168
- 2
_13%1
T2
= 7,6

Thus, A = 6,7 and we have two linearly independent solutions y;(z) = 5% and ya(x) = €™®. The
general solution is thus

y(x) = c165% 4+ c2e™

ey +y'+7y=0

e The characteristic equation for this homogeneous second order linear equation with constant coefli-
cients is

NAEA+7=0



To solve the characteristic equation we apply the Quadratic Formula:
N IV (L ()
B 2
—1++1-28
2
—1+£/-27

2
—1++/27
2

Thus, we have a pair of complex roots

1 27, 1 +/27.
A=—++—04, —— — ——1
2 2 2 2
and so we take
1
= Re()\)=—=
« e(N) 5
V2

Associated to the complex roots A\ = « i3 are the following real-valued solutions of the original
differential equation:

n(zr) = e cos(fr)= e 3% cos (\/2773:>

2

yo(z) = e sin(fr) = e 3% sin (@x)

and so the general solution is

1. (V2T Ly (V2T
y(r) = cre” 2% cos 5 ¥ + cge 2% sin Eudk

Hy"+2y+5y=0
e The characteristic equation for this homogeneous second order linear equation with constant coefli-
cients is
M 4+204+5=0

To solve the characteristic equation we apply the Quadratic Formula:
L 2 /EP-0)

B 2

—24++/4-20

2
—2+4/-16
2

—2+4

2
= —1+£2%

Thus, we have a pair of complex roots

A=—1+2,—1—2



so we take o« = —1 = Re(\) and 5 =2 = £Im()\). Associated to this pair of complex roots are the
following real-valued solutions of the original differential equation:

n(z) = e cos(fr) =e “cos(2z)
ya(z) = e sin(Bzr) =e “sin(2z)
and so the general solution is

y(r) = cre” ¥ cos (2) + cee” “sin (27) .
8. Solve the following initial value problems.
(a)y" —9% =0,4(0)=1,4'(0) =2.

e The characteristic equation for this homogeneous second order linear equation with constant coefli-
cients is

M —9=0
or
(A=3)(A+3)=0
so A = 3, —3. The general solution is thus
y(x) = &% 4 coe 37,

We now impose the initial conditions to fix the constants ¢; and cs.
0

1 = y(0)= 16 + e’ = 1 + ¢
2 = 3'(0) = 3¢,®® — 3cpe 3" oo = 3¢1 — 3c2
Thus we have two equations and two unknowns
ci+cg = 1
3¢t —3cc = 2
Adding 3 times the first equation to the second equation yields
6c; +0=5

S0 ¢ = %. But then the equation ¢; + co = 1 implies that co = %. Thus, the solution to the initial
value problem is

_ 5 3z 1 —3z
y(x)—Ge —|—6€ .

b)y"'—2y'+y=0,y(0)=2,4'(0) =1.

e he characteristic equation for this homogeneous second order linear equation with constant coeflicients
is

A —20+1=0
or
A=1)%2=0
so A = 1. So y1(x) = €” is one solution of the differential equation, and (because we are in the case

where there is only one distinct root for the characteristic equation) ya(x) = zy; (z) = xe® is a second
linearly independent solution. The general solution is thus

y(x) = c1€” + come”®.
We now impose the initial conditions to fix ¢; and cs:
2 = y(0)=c1e® +c2(0)e’ = ¢;
1 = ¢'(0) = cre” +co(e® + ze”)|,g = 1+ 2



Thus, we must have

T = 2
ci+ec = 1
Obviously, we must have ¢; = 2 and ¢, = —1. Thus, the solution to the initial value problem is

y(r) = 2e” — ze”.

)y +2y' +2y=0,y0)=1,y'(0) = -1

e The characteristic equation for this homogeneous second order linear equation with constant coefli-
cients is

AN 4oaa+2=0

The Quadratic Formula thus implies

L L 2V -0

2
—2++/-4
2

—2+2

2
-1+

We thus have a pair of complex roots A = a+¢3 with @« = —1 and 8 = 1. The general solution is thus

y(x) = 1% cos(Bx) + coe®” sin(Bx) = cie” cos(x) + ce” sin(x) .

We now impose the initial conditions to fix ¢; and cs:

1 = y(0) = c1e®cos(0) + c2e’ sin(0) = ¢ (1)(1) + c2(1)(0) = ¢z
-1 = 4'(0) = ¢ (e" cos(x) — €” sin(x)) + ¢3 (e” sin(x) + €” cos(z))|,_o = c1(1 —0) + c2(0+ 1) = ¢1 + 2
We thus have
co = 1
cp+ec = -1
which implies ¢; = —2 and ¢; = 1. Thus, the solution to the initial value problem is

y(z) = —2¢” cos(x) + " sin(x) .



