Math 2233
Homework Set 4

1. Verify that each of the following differential equations is exact and then find the general solution.

(a) 2zy dox + (x2 +1)dy=0

M = 2zy
N = z+4+1
oM ON

aiy = 2xr= % = FEzxact

Since the differential equation is exact it is equivalent to an algebraic relation of the form

¢(r,y) =C
with
99

1 = M=2
(1) o xy

¢ 2
2 — = N= 1
(2) oy x°+

The most general function ¢ satisfying (1) is obtained taking the anti-partial dervivative with respect
to x; i.e., by integrating with respect to x, treating y as a constant, and allowing the possibility of an
arbitrary function of y in the result:

o) = [ S200= [Qaor =yt + m(y

Similarly, the most general function ¢ satisfying (2) is

0
¢(x’y):/a_gybayz/($2+1)3y=x2y+y+H2(x)

Comparing these two expressions for ¢(x,y) and demanding that they agree with one another, we see
that we must take

Hi(y) =y
HQ(LI’J) =0

Hence, ¢(x,y) = 2%y +y and our differential equation is equivalent to the following family of algebraic
relations

z?y+y=C , with C an arbitrary constant .

Solving this relation for y yields

y(x) = 1,2—6_;_1
(b) 2%y da + (2 + 1) dy = 0
.
M = 32% = a—]M:?chQ
y



Since 88—]‘; = 88—];[ the equation is exact.

o(x,y) = /%ax:/M(x,y)@x:/3x2y6x2x3y+H1(y)

o) = [Fon= [Newow= [ @ +1)ou=1y+y+ )

Comparing these two expressions for ¢(x,y) we see that we must take Hy(y) = y and Ho(x) = 0. So
#(z,y) = 23y +y and the differential equation is equivalent to

Py +y=C
or
C
= e
(c) Yy + 2x)de + 2(2y +x)dy =0
[ ]
oM
M = ¢*’4+2yz = — =2y+2z
Oy
ON
N = 2yz+2°2 = — =2%+2z
oz
Since 88—]‘; = 88—];[ the equation is exact.
99 2 2 2
o(x,y) = %ax: M(z,y)0r = [ (y* + 2yz)0x = y“v +yx° + H1(y)
99 2 2 2
o(x,y) = a—y@y: N(z,y)0y = (2y:r—|—x )ay:y T+ xy + Ha(x)

Comparing these two expressions for ¢(x,y) we see that we must take Hy(y) = 0 and Ha(x) = 0. So
#(z,y) = v%y + y?z and the differential equation is equivalent to

2y+y*z=C
Solving this equation for y yields

= (—x2 + (2t + 4:60)) .

V=0
(d) ycos(zy) dx + z cos(zy) dy =0
[ ]
M = ycos(zy) = aaij = cos(zy) — xy sin(zy)
N = =zcos(zy) = aa—];[ = cos(zy) — zysin(zy)
Since 88—]‘; = 88—];[ the equation is exact.

o) = [ 5200 = [Mawow= [ycostan)on = sintey) + H ()

o(x,y) = /g—j@y :/N(x,y)@y :/xcos(xy)@y = sin(zy) + Ha(z)

Comparing these two expressions for ¢(z,y) we see that we must take Hy(y) = 0, Ho(x) = 0, and
¢(z,y) = sin(zy). Thus the original differential equation is equivalent to

sin(zy) = C



or

(Here ' = sin™ }(C).)
2. Solve the following initial value problems.

(a) (x —ycos(z)) —sin(z)y' =0 , y (g) =1

e 'This equation is exact since

9 a .
6_y (x —ycos(z)) = —cos(z) = oz (sin(z))

Therefore, it must be equivalent to an algebraic equation of the form ¢(z,y) = C' with

o(z,y) = /%&Jc:/M(x,y)@x:/(x—ycos(x)) ax:%xg—ysin(x)—l—Hl(y)

olz,y) = /g—;b@y: /N(x,y)@y: /(—sin(x)) Oy = —ysin(x) + Ha(x)

Comparing these two expressions for ¢(zr,y) we see we must take Hy(y) = 0, Ho(x) = %xQ, and
o(z,y) = %xQ — ysin(z). Hence we must have

1

51’2 —ysin(z) = C.
Before solving for y we’ll impose the initial condition: x = 5 = y =1 to first determine C.

_ L () = () VL
0—230 —ys1n(:r)—2<2) —(1)s1n(2)_87r 1.

Now we solve for y :

L o L o
= £ = — 1——
Yy Sn (@) csc(z) <2x + 87r>

(b) 22+ +2xyy' =0 , y(1)=1
e 'This equation is exact since

d 9 o _ o 0
29 (:Jc +y)—2y—ax(2xy).

Therefore, the differential equation is equivalent to an algebraic relation of the form ¢(z,y) = C with
% 1
Plr.y) = /a%x = /M(%y)@x = / (2% + %) 0 = 52° —ay® + Hi ()
x

o) = [Soou= [ Nawoy= [ @)oy =+ tala)

Comparing these two expressions for gb(x,y) we see we must take Hy (y) =0, Hg(x) — %x3, and so
o(z,y) = %x?’ — 2y%. We thus have

1

5333 +ay? =C.

We now impose the initial condition z =1 = y =1 to fix C:

1 1 4

C=—-2®+ay* = (1)’ + (1)(1)* = -.

;¢ ey =217+ (1) =5

Hence, the differential equation together with the initial condition implies that y must satisfy

1 4 s 4
330 + 2y =3



Solving this equation for y yields

y==+

1
— (4 _ 3
53 477

3. Find an integrating factor for each of the following differential equations and obtain the general solution.

(@)y+y—2)y =0

e Suppose u(z,y) is an integrating factor for this equation. Then

py+p(y —x)y' =0

must be exact so

0 0
2 () = - (y — pe)
or
ou _ Ou ou
6yy+u_ or” axx_“
In order to simplify this equation we make the hypothesis that u(z,y) = u(y). Then g—’; = Z—Z and
g—’; =0 ; so we have
dy
Y dy TpH=—p
or
d 2
&z pw=0.
dy y
This is a first order linear equation for p. It is also separable, since we can rewrite it as
du _ 2y
2 Y
Integrating both sides yields
In|u| = —21Inly|

or

o= e 2yl = v 2| -

Therefore y~2 should be our integrating factor. Multiplying the original differential equation by 32

yields
1 1 x
5 * <§ - ?) y=0
oM

oM _ 3<1>_ 1
Ay 9y \y y?
ON _ o (1 =\ 1
or  ox\y w2/  y2

Since %—M = 88—];] the equation is exact. Therefore the differential equation is equivalent to a (family

Now we have

of) algebraic equation(s) of the form

¢(r,y) =C
with

¢ 1
= - M=-=
ox Y
d¢ 1 =z
—_— = N = - — —
Ay y o y?



Taking anti-partial derivatives of both these equations yields the following two expressions for ¢;

P(r,y) = /%m:/@) 3x=§+Hl(y)

_ 3¢ 1z — i
o(z,y) = /ay y = /(y y2>3y—1n|y|+y+Hz(x)

Comparing these two expressions we see we must take Hy(y) = Inly|, Ha(z) = 0, and so ¢(z,y) =

In |y| + 5 Hence, an implicit solution to the original differential equation is

x
Inly|+ = =C.
Y

M) 22 +y*+24+yy =0

o If u(z,y) is a integrating factor for this equation we must have

)
2 2 _
a—y(ux’ + "+ ) = = (1)
or
o o  Op o op 3u
e 2 =
ny +6yy + i y)+6yx ax

If we suppose p(z,y) actually only depends on = then the above partial differential equation for u

simplifies to

dp
2yp =y——
Y=Y,
or
d
L= 2da
T
Integrating both sides yields
In |u| = 2z
or
p(z) = e,

Hence, €2? should be an integrating factor for the original differential equation. Hence,

x262m+y262m+xe ;r_|_ye mylzo

should be exact. Indeed,

9 0
(x 2020 | 42020 _|_x62;r) — 2T = = (ye%)

ay
so the equation is exact. Therefore we look for a function ¢(x,y) such that
0
_¢ — x262z + y262m + erm
oz
0
_¢ — yeQI
dy

Taking anti-partial derivatives of both these equations yields
1 1
gb(:c,y) — /<x2e2m +y2e2m —|—LU€ )ax_§ 2 2m+2y2e2z +H1(y)

Plx,y) = /ye%ﬁyzi e* + Hy(x)



Comparing these two expressions for ¢(z,y) we see that we must take Hy(y) = 0, Ho(x) = %xQeQI,

and so ¢(z,y) = leeQI + 1y262‘”.. Thus, the general (implicit) solution of the original differential
equation is
1 2 2;1: 1
e =(C
p Y
Solving for y yields

y(z) = £v2Ce 2% — 2
(c) 2u% 4+ (22 + 3xy)y' =0

o If u(z,y) is to be an integrating factor we must have

0 9 0
£y (2y°n) = 5 (2wp +3wyp)
or
0 0 0
dyp + 2y° 201 _ 2+ 20— K +3yu+3xy—u
Ay ox ox

This equation would simplify tremedously if we supposed that p(z,y) actually depended only on y.
Then we would have

d
dyp+ 297 = 2004 3yp
dy
or
dy

20— = (2—

y 2-y)n
or

Integrating both sides yields

1 1
Injy|=——=1
nlul ==, =5 lnly

or

1

< 1 + iy |> I
p=exp|—+1Inly =——7e v
Y Y172
So \/—e v should be an 1ntegrat1ng factor for the original differential equation. Indeed, multiplying
the original equation by \/—e v yields

12

23277 4 <2—e v +3y1/2xeé> y'

which is exact since

66 <2y3/267%) = 3y1/267% +2y3/2 <+i2ei> = 3y1/267é —|—2y71/267%
Y Yy
9 y I —|—3y1/2x67% = 2y’1/267% + 3y1/267§
ox \“yi/2
and so we have %M = 8];] .Now we need to find a ¢(x,y) such that
agb 3 _ 1
= 932y
oz goe
o
9¢ = 22 % —|—3y1/2x67§

ay y1/2



Taking ant-partial derivatives of both of these equations yields

olr,y) = 2y3/267§x + Hi(y)

olr,y) = 2xy3/267% + Ha(x)
Hence, we must have Hq(y) = 0, Ha(z) = 0, and ¢(z,y) = 2y3/267511. Thus, the general solution to
the original diflerential equation is given implicitly by

2xy3/267211 =C.
(d) zy — 2%y’ =0

o If u(z,y) is to be an integrating factor we must have

5 9,
7y k) = 55 (=2%n)

or

7 17
T —l—xya—Z = —2xp — xQQ—Z.

This equation simplifies tremendously if we can assume & depends only on z. In this case, the partial
differential equation for p becomes

d
zp+0=—-2zpu— xQ—M
dx
or
dp
2
T 3
dx T
or
d
W 2h
T x
Integrating both sides yieldsx
In|y| = =3In|z|. = In|z 3|

or = x~3 Multiplying the original differential equation by this function yields
z 2y—z Yy =0.
This equation is exact since

0 —2 _

a—y( y) = w
5] _ _
o (o) = e

. Now we look for a ¢(x,y) such that

9¢ 2
ox
18]
9 _
dy

Taking anti-partial derivatives of each of these equations yields

OM _ ON
S0 dy — Oz

P(,y) = /xfgy&r =~z 'y + Hi(y)

o(z,y) = / a1y = 2y + Ha(x).



So we must have H;(y) = 0, Hy(x) = 0, and so ¢(x,y) = 21y = y/z The original differential equation
is thus equivalent to an algebraic relation of the form

v _
x

or
y=Cx.

4. Solve the following first order differential equations using the substitution v = y/z.
(a) zy' —y = \/ay

e This equation is equivalent to

Q =ty =ytel=r(Y)

where
F(u) =u'? +u.
Thus the equation is homogeneous of degree zero. If we define u = y/x, we have v’ = y'/x —y/x? and

solving the latter equation for 4 yields

y’:xu’—l—g:xu’—l—u.
x

If we now substitute zu' 4+ u for y' on the left hand side of (3) we obtain

xu’—l—u:y’:\/g—l—(g) =u"? +u
r \z

or, cancelling the term u that appears on both sides,
zu' = ul/?

or

d
w Y 2du = _x.
x

Integrating both sides yields
ut/? = n|z| + C

2\/§:1n|x|—|—0.
X

y(z) = 4z (In |z| 4+ C)*

or

Solving for y yields

o y2—|—xy
=

(b)y ;y(l) =1

e This equation is equivalent to
2
vy _ G+ G _ v\, (Y g (Y
2 = =(=) +|(=)=F(=
x 1 x x x

Fu)=u® +u.

!

y:

Hw"—‘ |Hw|’_‘

where

Substituting ¥ = ux, and 4’ = xu’ + u, we obtain

2
o +u=y = (g) +<£) =ut+u
x



or

T =u
or
du _ dx
w2 x
Integrating both sides yields
1
—==In|z|+C
U
or
N e
Y

At this point it is convenient to employ the initial condition (1) = 1 to fix the constant of integration
C. Setting z = 1 and y = 1in the equation above yields

—l=m|l|+C=0+C=C.
So C' =1. Now we set C'=1 in (4) and solve for y to get

—x
@) = ot

(¢) 3xyy' + 2% +9y* =0

e This equation is equivalent to

i A Y £ 0
3xy 3 \y 3\zx

Making the substitutions y = ux, y' = xu’ + u yields

' +u=—=u"t— 1u
3 3
or
; 1+ 4u?
xu = —
U
or
udu 1dx

T+4 3z
Integrating both sides yields

1 9 udu 1
81n(1—|—4u)_/1+4u2_—31n|x|—|—0
or
Y\ 2
In [1+4<;) } =" 4 1n |23
or

2 !
14+4 (g) = exp {Cl +1In |x78/3|} — % exp {ln |x78/3|} _ Cp8/3
T
or, solving for ¥,

1
=4+—\/Crz8/3 1
y(w) =25 v

5. Find a substitution that provides a solution to the following differential equations.

(a) 2y’ +y = (zy)?



10

e In the hopes of simplifying the right hand side of the differential equation, we’ll try 2 = xy. In this
case, we'll have y = 2/ and ¢ = 2'/x — 2/22. Making the corresponding substitutions into the

differential equation yields
1 z z
x<_Z,——2>—|——:Z3
x x x

or
o = Z3
or
dz
Integrating both sides yields
——2 =z 4C
or
1
2 =
(—2z —20C)
Recalling that z = 2y, we obtain
1
yxr =
(—2x —2C)
or
+1
y(z) =
/(=22 — 20)

(b) (z+y)y' = (22 +2y) -3

e For this equation it makes sense to try a substitution of the form z = x + y. In this case, we would
have 4y’ = 2’ — 1 and making
the corresponding substitutions into the original differential equation would yield

2(2'—1)=22-3

or
1 32—3
2'==-(82-3)= &
z z
or
zdz
=dzx.
3.3 @

Integrating both sides yields

11 d
:§z+§ln(3z—3):/35j3 =In|z|+C

or

1 1
g(x—l—y)—l—gln(?)(x—l—y)—3)—1n|x| =C

(Since we won’t be able to solve this equation explicitly for y, the best we can do is express the solution
as an algebraic equation.)



