Math 2233.004
SECOND EXAM
12:30 - 1:45 pm, April 8,1999
1. Given that y; (¥) = 22 and yo(x) = 23 are solutions to z%y" + 2xy’ — 6y = 0.

(a) (5 pts) Show that the functions y;(x) and yo(z) are linearly independent.

W ly1,y2] = yiyh — yiye = (xz) (—3x’4) —(22) (x’g) =52 2£0
So y1 and yo are linearly independent. O

(b) (5 pts) Write down the general solution of z2y" + 2zy’ — 6y = 0.

e 7, and ys are two linearly independent solutions of a 2"¢ order homogeneous linear ODE, so the
general solution will be

yl) = cy(x) +caya(x)
= clx2 + 02x73
O
(¢) (5 pts) Find the solution satisfying the initial conditions y(1) = 1, ¢'(1) = 0.
.
1 = y(D)=cyi(l)+ecaya(l) =c1 +¢2
0 = y'(1)=cy (1) +cous(l) = 2¢; — e
Solving for ¢; and ¢y yields
3
€1 = ¢ _ § 2 2 -3
o= T y@=gTage
O

2. (10 pts) Given that y; () = 2 is one solution of z%y" +5xy’ +4y = 0, use Reduction of Order (explicitly)
to determine the general solution.

ya(z) = yi(x) /;IT Tl)]Q exp [— /Il p(.’L’g)d.’L’g:| dry

y(x) = cry1 (2) + coyp(x) = 1272 + cox % In 2|



2

3. Given that y; (z) = x and y3(z) = 22 are solutions of z%y" — 2zy' + 2y = 0.

(a) (10 pts) Use the Method of Variation of Parameters to find the general solution of

x2y” _ 2:ch’ + 2y —
Wly,y2] = (2)(2x) — (1)(2?) = 2*
2
plx) = 7
glx) = i

= - 29 gy _ N9 4.

yp(x) = yl/W[yl,yg]d +y2/W[y17y2]d

N ﬁ/%dmﬂ%g/%d:p

— _a(Infa]) + 22 (‘é)

= —zln|z|—=

2nd

The gereral solution on this order, non-homogeneous, linear ODE is thus

y(x) = yp(x) + 11 (2) + coya(2)

= —xln|x| —x+clx+02x2

Q

—zIn|z| + c12 4 cp2®

O
(b) (5 pts) Find the solution satisfying y(1) =0, y'(1) = 2.
°
(2)25’(<1)>:=0—+10+1c+10+2202 2253 = y(@)=—wlnle| -3z + 327
O

4. (10 pts) Given that y;(z) = z +1 is one solution of y" — (1 +x)y’ +y = 0, explain how one can construct
a formula for the general solution of ¥ — (1 + z)y’ +y = sin(z). (You need not carry out any explicit
computations.)

e (1) Given y1(x), use Reduction of Order formula to find a second linear independent solution ya(x)
ofy" —(1+=z)y' +y=0.
(2) Now that you have two linear independent solutions of 4" — (1 +z)y’ +y = 0, use Variation
of Parameters formula to find a particular solution y,(x) of ¥ — (1 + x)y’ +y = sin(x).
(3) The general solution of " — (1 + x)y’ + y = sin(x) will be

Yp(r) = yp(2) + 11 () + C2y2()



5. Determine the general solution of the following differential equations.

(a) (G pts) y' —6y +13y =0

6 + /36 — 52
MN_fA+13 = 0 = )\:fzgi%
y(x) = c16®” cos (27) + c2e®” sin (27)
(b) (5 pts) y" —6y' +y =0
[ ]
6+ /36 — 4
MN_6A+1 = 0 = Azf:z&im/ﬁ

y(z) = Cle(3+2\/§)z +026(372\/§)m
(c) Bpts) y' —4y' +4y =0
[
M4 4+4 = 0 = =2 (double root)
y(z) = 162 + cone®®

6. Find the general solution of the following Euler-type differential equations.

(a) (5 pts) 2%y" —4zy' —6=0

0 = r(r=1)—4r—6=r*-5r—6=(r—-3)(r—2) =
y(r) = c12? +co®
() (5 pts) 42%y" +y =0
[ ]
1
0 = rr—-D+1l=4?—dr+1=(2r-1@2r-1) = r=s
ylz) = clx%+02x% In |z

(c) (5 pts) 2%y" — Ty’ + 25y =0

0 = r(r—=1)—Tr+25=r—8+25 = r= 5

y(r) = clx4cos(31n|x|)+02$4Sin(31n|x|)

8 £ /64 — 100

r=2,3

?

(double root)

=4+3¢






7. Determine the general solution of the following differential equations.

(a) (10 pts) y"" +y" =5y +3y =0

0 = N¥+A2-50+3=0+3) (N -22+1)=A+3)(A\-1)?

y(r) = cre 3% 4 cge® + care®®

(b) (10 pts) ¥ 4+ 8y" + 16y =0

0 = M+802416= (A +4)" = (A +2i) (A — 20))> = (A +20)* (A — 2i)?
y(x) = c1e’cos(2x) 4 cowe® cos(2x) + e3¢’ sin(2x) + c4ex sin(2x)

= ¢1¢08(2x) + cax cos(2x) + czsin(27) + cax sin(27)



