LECTURE 21

Sample Second Exam
November 5, 1997

1.(15 pts) Use a change of variable to solve the following first order equation. (Hint: note that it is
homogeneous of degree zero).
;XY + y2
=—3

d 2
E-(2)+()
dx x x
Under the substitution © = y/z , or equivalently y = zu, we have
dy du
—~ =—u+4xz—
dx dx
Therefore, our original differential equation is equivalent to
d d 2
u—l—x—u = 49 = (Q) + (Q) :u—l—u2
dr dz x x

Cancelling the terms u that appear on the extreme sides of this equation yields

d
2
dx
or
du_ do
w2 x
Integrating both sides yields
1
—=—=In|z|+C
U
Now we recall ©u =y/z to get
L mp|rC
Yy
or
x
Y@ = rEe

3

2. Given that y;(z) = x and y2(z) = 23 are solutions to z%y" — 3zy’ +3y =0

(a) (5 pts) Show that the functions y;(x) and y2(zx) are linearly independent.

Wly1,y2)(z) = (2)(32%) — (1)(2°) = 22> £ 0
so y1(z) and y2(x) must be linearly independent.
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(b) (5 pts) Write down the general solution.
y(x) = c1y1 () + cayz(x) = ez + cp2®
(¢) (5 pts) Find the solution satisfying the initial conditions y(1) =1, ¢'(1) = 1.

1 = y()=c()+e2(1?)=c; +e2

1 = y(D)=c1+ee (31:2) |m:1 =c; + 3¢y
Subtracting the second equation from the first yields
0=0—2¢c0 = c2=0

But then the first equation implies ¢; = 1. Thus,

cg = 1

e = 0
and the solution satisfying the given intitial conditions is

y(x) ==z

3. (10 pts)Given that y;(z) = 2? is one solution of z%y"” — 4zy’ + 6y = 0, use Reduction of Order to
determine the general solution.

e Putting the differential equation in standard form we see that the term p(x) in the Reduction of
Order formula is p(x) = —%. Thus, a second linearly independent solution is

) = n@ [ ﬁ exp [— / Sp(t)dt} ds

‘1 5 dt
= x2/ ;exp[—l—ll/ ?}ds

T

2 [ s texp(4In]s|)ds

I
8
—

2

= x s tstds

2 ds

Il
8

J
|

z*(x

= ,’1,'3

—

Now that we have two linearly independent solutions, we can write down the general solution:

y(.’f]) =Gl (.’IJ) + ngg(,’fj) = 015'32 + 021;3

4. Determine the general solution of the following differential equations.

(a) (5pts)y”" —3y'—3y=0
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e The characteristic equation for this homogeneous linear equation with constant coeflicients is
A —3\-3=0.

The roots of this equation are determined by the Quadratic Formula

NEE: 9—(4)(=3) 3421
o 2 2
So
3+v21
yl(;r;) = e 2z <
RV T
ya(xr) = e 2

and the general solution is

(b) (5 pts) y"" +10y" +25y =0

e The characteristic equation for this homogeneous linear equation with constant coeflicients is

0=A>+10A 425 = (A +5)?

and so we have a single root A = —5. The two linearly independent solutions are thus
Ui (.’,U) — 675;1:
yo(z) = xe™®

and the general solution is

y(r) = cre” %% 4 cqre 5"

(¢) (Bbpts) y' —4y' + 13y =0

e The characteristic equation for this homogeneous linear equation with constant coeflicients is
AP — 4N+ 13=0.

Applying the Quadratic Formula we obtain

44++16—-52 4+./-36 4+-6 .
A= = = =2+3%
2 2 2
We thus have a pair of complex roots. The corresponding linearly independent (real-valued) solutions
are
yi(r) = €2%cos(3x)
yo(r) = €*Tsin(3z)

and so the general solution is

y(z) = cre’® cos(3zx) + coe?® sin(3x)

5. (10 pts) Explain in words how one could use Reduction of Order and the Method of Variation of
Parameters to construct the general solution of 2%y" — 2y = 3z2 — 1, given that y;(x) = 22 is a solution of

z?y" — 2y = 0. (It is not necessary to carry out any of the calculations.)
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e First we’d use the Reduction of Order formula

) =n) [ ﬁ exp [— / Sp(t)dt} ds

to compute a second linearly independent solution y2(z) of z%y” — 2y = 0. Next we’d use the
Variation of Parameters formula
T _1e(s)g(s) T_n(s)es)

=00 [ e )P T ] Wl ()

with g(s) = (3z% — 1)/2? to construct a particular solution of z?y"” — 2y = 3z2 — 1. We’d then have
all the ingredients necessary to write down the general solution:

Y(z) = yp(2) + c1y1(x) + coy2(2)

6. Given that y;(z) = €® and ya(z) = €** are solutions of y” — 3y’ + 2y = 0.
(a) (10 pts) Use the Method of Variation of Parameters to find a particular solution of

”—3y’+2y:e‘”

e Before applying the Variation of Parameters formula we note that
W y1,u2] () = (€7) (2¢™) — (€7) (™) = €™
and
glx) =e”

We can now compute a particular solution to the non-homogeneous equation

—y1($)/ )ds +ya(2) HTMcls

p () yl ; yz W ly1,92] (s)

) gy 4 e /m%ds

635

‘”/ ds—l—e%/e’sds

= —e%(z) +e* (—e"”)

- —re —¢

I
|
)

~ —Xe

(The second term can be ignored since it is a solution to the corresponding homogeneous equation.)
(b) (10 pts) Find the solution satisfying y(0) =0, y'(0) = 2.

e The general solution to the non-homogeneous problem in part (a) is
Y(7) = yp() + c1y1(x) + coya () = —xe® + cre” + coe®®
Applying the initial conditions yields

0 —(0)60—|—01€0—|—0260 =c,+c

Il
<
~

=)
~—

Il

2 = 3'(0) = —e% —xe” + c1e” + 2c2€*® weo = —L+c1+2c
‘We thus have

c1+c =
c1+2c0 = 3
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Using the first equation we can substitute ¢; = —cs into the second to obtain
Co = 3
from which we can conclude also that ¢; = 3. Hence the solution to the initial value problem is

y(r) = —xe® — 3e® + 3%

7. Find the general solution of the following Fuler-type differential equations.
(a) (5 pts) 2%y" +4zy’ +y =0

e Substituting y(z) = 2" into the differential equation yields
(rir—1)+4r+1)2" =0
so we must have
O=r(r—1)+4r+1=r"+3r+1
Applying the Quadratic Formula yields
—3+,/9-4)(1) -3£5
2 2

Hence we have the following two linearly independent solutions

T =

—3+V5
y(zr) = a7 2

—3-5
and the general solution is

—3+v6 —3-v5
yx)=cx™ 2 +ex” 2

() (5 pts) 22y" — 5xy’ +9y =0

e Substituting y(z) = 2" into the differential equation yields
(rr—1)=5r+9)2" =0
so we must have
O=r(r—1)=5r4+9=7r2—6r4+9=(r—3)2
We thus have a single root 7 = 3 and thus two linearly independent solutions will be
y(x) = 23
yo(r) = 2 %In|z|
The general solution is thus
y(r) = 127 + cox ? In ||

(c) (5 pts) z%y" — Bxy' + 13y =0

e Substituting y(z) = 2" into the differential equation yields
(rr—1) =5 +13)2" =0
so we must have

O=r(r—1)—5r4+13=7r%—6r+13
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Applying the Quadratic Formula we see that

L 636 (1)(13) _6+36-52 _ —6+£V-16 _ 6+4i
B 2 B 2 B 2 T2

We thus have the following (real-valued) linearly independent solutions

=3+2

yi(r) = 2*cos(2In|x|)
ya(z) = 2°sin(2In|x|)
and so the general solution is

y(r) = c122 cos (21n|x]) + co” sin (2In]z|)



