LECTURE 15

Reduction of Order

Recall that the general solution of a second order homogeneous linear differential equation

(15.1) Lyl =y" +pa)y’ +q(x)y =0

is given by

(15.2) y(z) = cryr (z) + cayz(2)

where y; and 92 are any two solutions such that

(15.3) Wly1,y2)(z) = y1(2)ya(2) —yi(2)y2(2) #0

In this section we shall assume that we have already found one solution y; of (15.1) and that we are seeking
to find another solution ys2 so that we can write down the general solution as in (15.2).

So suppose we have one non-trivial solution y1(x) of (15.1) and suppose there is another solution of the
form

(15.4) y2(2) = v(w)y1 (2)
Then
Wily,y2] = vive —yiye
= yi(w'y +vyy) —yi(vy)
15.5
( ) — (y1)21},
£ 0

unless v’ = 0. Thus, any solution we construct by multiplying our given solution y1(x) by a non-constant
function v(z) will give us another linearly independent solution.

The question we now wish to address is: how does one find an appropriate function v(x)?

Certainly, we want to choose v(x) so that yo(r) = v(x)y; () satisfies (15.1). So let us insert y(z) = v(z)y; (v)
into (15.1):

2
0 = 45 (vy1) +p@)L (vy1) + q (vy1)
(15.6) = v"y1 + 20"y} +vyi +p(@)v'y1 + p(z)vy] + quin
= vy +p@)y1 +q(x)y1) +v"y1 + (2y1 +p()y1) v’

The first term vanishes since ; is a solution of (15.1), so v(x) must satisfy

(15.7) 0= 10"+ (2y; +p(@)y) v’
or
2 7
(15.8) v+ <p(x) + ﬁ) v =0
Y1
Now set

(15.9) u(z) =v'(x)
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Then we have

2y1(x)
15.10 u’+<px + 2V =0
(15.10) @)+ @
This is a first order linear differential equation which we know how to solve. Its general solution is
(15.11) ue) = Cexp|=[" <p( ) * %%) |
. = Cexp —fz 2f —%dt}

Now note that

d yi(t)
(15.12) a M Ol=
ep [-2[" B8y = e [-2[" & ()]
| = exp|—2In [y (2)]]
(15.13) = exp [In [(1(x)) 2]

Thus, (15.11) can be written as
C x

Now recall from (15.9) that w(x) is the derivative of the factor v(x) which we originally sought out to find.
So

v(z) = [“u(t)dt+D

I [m exp {— ftp(t’)dt’ﬂ +D

(15.15)

It is not too difficult to convince oneself that it is not really necessary to carry along the constants of
integration C' and D. For the constant D can be absorbed into the constant c¢; of the general solution
y(z) = a1y1 () + caya(x), while the factor C' can be absorbed into the constant cz. Thus, without loss of
generality, we can take C' =1 and D = 0. So given one solution 1 (z) of (15.1), a second solution ya(x) of
(15.1) can be formed by computing

(15.16) v(r) = /HT w(t) dt

where
(15.17) u(z) = ﬁ exp [_ / ’ p(t)dt}

and then setting

(15.18) y2(z) = v(z)y1(2)
The general solution of (15.1) is then
(15.19) y(z) = cy1(x) + cv(z)ys ()

This technique for constructing the general solution from single solution of a second order linear homogene-
neous differential equation is called reduction of order.

For those of you who like nice tidy formulae we can write

(15.20) ya(w) = 1 (2) / ’ Wls)ﬁ exp [_ / Sp(t)dt} ds

for the second solution.
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ExAaMPLE 15.1.
(15.21) n(z)=e"

is one solution of

(15.22) y'+2y +y=0

Find another linearly independent solution.

Well, p(z) = 2, so

w(r) = m exp [— fz p(t)dt]
o)
15.23 = o= exp[—21]
( ) — 062;1:672;1:
= C

So
(15.24) v(x) :/ w(t) dt = / Cdt = Cu.
Thus,
(15.25) yo(z) = v(x)y1(x) = Cxe™ ®
ExXaMPLE 15.2.
(15.26) yn(zr) ==z
is a solution of
(15.27) 22y + 2y’ —2y =0

Use reduction of order to find the general solution.

Well, we first put the differential equation in standard form:

2 2
I S
(15.28) y'+ Y~ 3Y 0
Thus,
2 —2
15.29 == ==
( ) p(z) T q(x) i
We first compute u(z).
w(r) = AOIE exmp [— f p(t)dt]
= pexp [T —3di]
(15.30) = Sexp[-2lnz]]
_ C.,.-2
= =
B
So
v(@) = [Tut)dt
(15.31) = ["Ct*dt
= —Q,’I;73
3
and
C
(15.32) yo(z) = v(x)y (z) = 335 = C'x2

The general solution of the original differential equation is thus

(15.33) y(x) = c1y1 () + coya(x) = cyw + cox ™2



