LECTURE 11

Sample Exam

Math 2233.003
FIRST EXAM
10:30 — 11:20 am, October 1, 1997

Name:

1. Consider the plot below of the direction field for the differential equation ¢’ = (y — 1)(y + 1).
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(a) (5 pts) Sketch the solution curve satisfying y(0) = 0.
(b) (5 pts) Suppose y(z) is a solution satisfying y(0) = —2. What can you say about the asymptotic
behavior of y(x) as © — oo?
e The solution curves are have positive slope and so are increasing for all y < —1. However, at y = —1,
the slope must be zero. Therefore, a solution satisfying y(0) = —2 will increase but asymptotically

approach the line y = —1 as £ — oo.

(¢) (5 pts) Suppose y(z) is a solution satisfying (1) = 0.5. What can you say about the asymptotic behavior
of y(z) as © — oco?

e The solution curves are have negative slope and so are decreasing for all —1 < y < 1. However,
at y = —1, the slope must be zero. Therefore, a solution satisfying y(0) = —2 will decrease but
asymptotically approach the line y = —1 as £ — oo.

2. (15 pts) Consider the following nonlinear first order ODE: y' = y? and suppose y(z) is the solution
satisfying y(1) = 2. Use the Euler method with 7 = 3 and Az = 0.1 to estimate y(1.3).
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e Set
T
Yo = 2
Ar = 0.1

The slope of the solution passing throught the point (1,2) will be

_ W

mo =
dx

— .2 —922 _4
Yy |(172) =2"=
(1,2)

Therefore we take the next point of the solution curve to be
Ty =20+ Ax=1.1
Y1 = Yo + moAx =2+ (4)(0.1) =2.4
The slope of the solution curve at this point (1.1,2.4) must then be

_ W

myp =
dx

.2 _ 2 _
=y |(1_172_4) = (2.4)? =5.76
(1.1,2.4)

S0

Tog = X1 +A.’IJ: 1.2
Y2 =11 +miAx = 2.4+ (5.76)(0.1) = 2.976

Continuing, we calculate the slope at (1.2,2.976) to be
_ B

2 2
meo = =y = (2.976) — 8.8566
dx (1.2,2.976) |(1-272-976)
and so
r3 :x2+A.’L': 1.3
Ys = y2 + maAx = 2.976 + (8.8566)(0.1) = 3.8617
So

y(1.3) = ys = 3.8617

3. (15 pts) Consider the following nonlinear first order ODE: ' = x cos(y). Write down the first four terms
of the Taylor expansion of the solution satisfying y(0) = 0 about z = 0 (i.e. the terms up to order ).

y'(x) = x cos(y)

y''(x) = cos(y) — xsin(y)y' ()

y"(z) = —sin(y)y'(z) — sin(y)y'(x) — 2 cos(y) (y'(x))” — wsin(y)y" ()

Since y(0) = 0, we then have

y'(0)=0-1=0
y"(0)=1-0-0-1=1
y""(0)=-0-0-0-0-0-1-(0)*-0-0-1=0
Hence
7 1 17 2 1 n 3
y(@) =y(0) +¢'(O)z + ;3" (0)2" + 575" (0)2” +
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4. (20 pts) Find an explicit solution of the following (separable) initial value problem

1
20+ -y'=0 | y(l)=1
Y

d
i = —2xdx

Y
d
1n|y|:/gy :/—2xdx+0:—x2+0

When z =1, y = 1, so we must have

O=In|l]=—-124C
or C'=1. Hence

Inly| =22 +1

or
y = 617;1:2
5. (15 pts) Solve the following initial value problem
y——y=2> ,  y)=1
°

2
ple) =~
g(z) =2°

C
p(x)g(x)dx + (@)

=22 / x 23 de + Cz?
Ly 2
=—xz+C
2:1: T

We now plug into the initial condition
6.

(a) (5 pts)Show that the following equation is not exact.

d
(3z%y + xy?) + (2ay° + 2%y) d_i" =0

M = 38%y+xy® = 6—231:3—0—29@

Y
ON

N = 222 +2% = — =24%+ 2y
z

Since 88—]\; #* 88—];[ the differential equation is not exact.

(b) (5 pts) Show that u(z,y) = x 1y ~! is an integrating factor for the equation in Part (a).

-2
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e Multiplying the differential equation by p(z,y) we obtain

1 dy
Il 2 91/2 2 Y\ _o
zy <( vyt )+< W —l—xy) dx
or
(32% +y) + (2y +x)@ =0.
dx
For this equation
oM
M = 32°4y = —=1
dy
ON
N = 2y+z == —=1
z
and so the new equation is exact (88—]‘; = %_1;{).

(¢) (10 pts) Use the integrating factor in Part (b) to find the general solution of the differential equation in
Part (a).

e Since
dy
322 2 20
(327 +y) +( y+x)dx

is exact there must exist an equivalent algebraic equation of the form

Plz,y) =C
with the function ¢(z,y) satisfying
0
9¢ = M=32"+y
oz
0
o9 = N=2y+z
dy
Un-doing the partial derivatives in the two equations above yields the following two ’guesses’ for
P(2,y).
o¢ 2 3
o(x,y) = %&Jc—l—Hl(y): (330 —l—y) or+ Hi(y) =2 +xy + Hi(y)
d¢ 2
doy) = [ 5,00+ w)= [ (2y+)0y+ Hy(v) = y" + 2y + Ha(z)

Comparing these two expressions for ¢(z,y), we see we must take Hy(y) = y?, Ha(z) = 23, and
oz,y) = 23 +2y+1y2. Hence our original differential equation is equivalent to the following algebraic
equation:

2 +ay+yt=C.
Applying the quadratic formula to solve for y we obtain
—x £ Jr? —4(23 - C)
2

y(z) =



