Real Analysis Comprehensive Exam
Date: May 2012

Give complete and grammatically correct solutions. If you use a standard theorem, then
you must state that theorem and explicitly verify the hypothesis. Complete solutions to
four of the six problems will guarantee a pass.

(1) Let f(z) =sin(1),0 < z < cc.

(a) Show that f € L%((0,00)).

(b) Prove
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Be sure to justify all steps in your proof.
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(2) Determine ag € R so that if & < g then
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holds for all f € L3([0,1]), while if & > ap, then there is an f € L3([0,1]) so that
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(3) Suppose that A is a measurable subset of [0,1]. Prove that there is a measurable
1
B C A so that m(B) = im(A) (Here, m is Lebesgue measure.)
(4) Let X be a Banach space. Recall that the open balls are the sets of the following

form: B,(zo) = {zx € X; ||z — x9|| < r}. Do the following:
(a) Prove that the closure of any open ball B, (zg) is

By (2z0) ={z € X; ||z —xo|[ < r}.
(We refer to B,-(z9) as a closed ball.)
(b) Prove that B, (xo) C Bs(yo) if and only if ||zg — yol| < s —r.

(c) Prove that any decreasing sequence of closed balls has nonempty intersection.

(5) Let (X, M, ) be a measure space with u(X) < oo. Suppose that g € L'(X) and
there exists M € R so that

[ ead| < 2ol
X
for all simple functions ¢. Prove that g € L (X).

(6) Let A and u be positive measures on (X, M). Define what it means for A and u to
be mutually singular (written A L p). Define what it means for A to be absolutely
continuous with respect to p (written A < p). Prove that if A L g and A\ < pu, then
A=0.



