Comprehensive Exam—Numerical Analysis
August 2009

General Instructions: Define your terminology and explain your notation. If
you require a standard result, then state it before you use it; otherwise, give clear
and complete proofs of your claims. 4 problems completely correct will guarantee
a pass. Partial solutions will also be considered on their merit.

1. Consider an M x M uniform grid on the unit square (0,1) x (0,1), where
M is a positive integer. Let h = 1/M denote the step size. On each interior
grid point (Zm, yn) = (mh, nh), for 1 < m,n < M — 1, define the difference
operator V2 by

Un+in — 2vm,n + Um—1,n + Unmn+1 — 2Um,n + Um,n—1
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Here v, is the grid function and we assume it is 0 on all boundary nodes.
Prove that there exists a positive constant C, independent of &, such that

2
1< —1 [tmnl < CISmI,l;lzaS}](M—l [Vivmanl.

(For this problem, you may use the discrete. maximum principle without
proof.)
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Consider solving the following initial value problem:

Uy = Ug, (t,z) € (0,00) X (—o0,00),

u(0,z) = wug(z), =€ (—00,00),

with the following finite difference scheme: for A,k > 0,
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v = up(mh), m€eZ,

where ug is continuous on R.
(a) Show that the scheme is consistent.
(b) Find the order of accuracy of the scheme. Justify your answers.



3. Suppose f € C*(|0,1]) and consider the boundary value problem:
—u' = f,z€(0,1), u(0) = u(l) = 0.
Consider solving the problem using the following scheme:

—Uj1+2U; = Uja

(B2)? = f(jOz), =12, ]~ LUs=0,U; =0, (1)

where Az = 1. Show that there exists a unique solution U = [Uy, -+, Uy]”
satisfying (1).

4. Let / /
[ -11/5 23/5 oo
A= [ ~19/5 17/5} eRT
Determine ||A||z, the 2-norm of A. Hint: Show the (column-) vectors u =
[1,1]7 and v = [~1,1]T are eigenvectors of the matrix B = AAT. Do not

confuse the 2-norm of matrix A with its Frobenius norm.

5 Let A € R™™ be a symmetric matrix. Suppose that vy, - -, v, are the
orthonormal eigenvectors with corresponding eigenvalues A;,- - -, An. Let
q=c1vi +- -+ cyvn € R™ be a vector such that |qflz = 1.

(a) Derive an expression for the Rayleigh quotient p = qT Aq in terms of
the coefficients ¢; and the eigenvalues ;.

(b) Show that |A; — p| < C'||vi — q||?, where C = maxacr<n | A1 — Akl-
6. Suppose | - || is a matrix norm in R™" such that | XY|| < | X|| ||Y], for all

X,Y € R™*", Suppose A and E are n x n real matrices, A is invertible and
|A~E| < 1. Prove the following:

(a) A — F is invertible.
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(b) [I(4 - B < LA



