Comprehensive Exam—Numerical Analysis
January 2017
General Instructions: Define your terminology and explain your notation. If you
require a standard result, then state it before you use it; otherwise, give clear and complete

proofs of your claims. 4 problems completely correct will guarantee a pass. Partial solutions
will also be considered on their merit.

Notation: In problems 1-2, denote by v}, the value of a real grid function v at point
(Tm, tn) = (mh, nk), for m € Z and n € {0} UZ™, where k,h > 0.

1. Find the ezact range of @ € R such that the following finite difference scheme, for
integer m and non-negative integer n,

n+l _  n—1 n n
Un = Un + a(vm—l - vmv—i-l)’

is stable in L? norm. Prove your claim.
2. Consider the following finite difference scheme
UZLH = (1 = 2bp)vy, + bu(l — @)y + bp(l + a)vy,_y,

where a,b are positive constants, y = h%, a= % and 2by < 1. Find the ezact range
of & such that
sup |vp| < sup g,
m m

Prove your claim.

3. Let N > 5 be an integer. Consider the following finite difference scheme:

’Umv—l-l,n + Um.—].,’n, + /Urn’n—{-l _‘I" ’Um',n_l —_ 4'1)7"/ n 'UTTL,TL —_— vm—l,n
—+ = fmn, mn€{l,...,N-1},

h? h
and vmpn = gmn if m or n is 0 or V. Prove that for any given set of fp,n’s and gm’s,
there exists one and only one grid function {vm,} (m,n € {1,...,N — 1}) as the

solution of the finite difference scheme.
4. Let a(u,v) = ‘[01 w (z)v' (z)dz and V = {v € Ly(0,1) : a(v,v) < oo}. Suppose
f€C°0,1)) and u € C?([0,1]) satisfies
1
a(u,v) = / f(@)v(z)dz, for all v € V.
0

Show that u" = —f, u (1) = 0 and «'(0) = 0.

5. (a) State the Lax-Milgram Theorem.
(b) Let Q be a bounded open set in R™ with smooth boundary and V = H}(2). Let

a(u,v) = (Vu, Vv) for u,v € V,
and let f € Ly(Q2). Use the Lax-Milgram Theorem to show that
a(u,v) :(f,'l)), YveV

has a unique solution u € V.



6. Let £ be a bounded open set in R™ with smooth boundary and V = H}(2). Let
s > 0 and let

a(u,v) = (Vu, Vo) + (u,v), for u,v € V.
Assume that there is a unique solution, u, to the variational problem
a(u,v) = (f,v), forallv eV,

and the regularity estimate

lull zr2+s) < Cllfll sy,

holds for all f € H*(Q2). Let V}, be a finite element subspace of V satisfying

: 14
vlen‘ﬁh lw = vllgr0) < Ch " ||ull g2+s(q),

and define u € V, via
a(up,v) = (f,v) for all v € V},.
Recall that the H~® norm is defined by

(u,v)
lullg-sqy = sap —r———.
oxveHy (@) 1Vl H=(0)

Show that
[ — wnllgr-s) < C R [lu — unl (.-



