Comprehensive Exam — Numerical Analysis, August, 2016

General Instructions: Define your terminology and explain your notation. If you use a standard result,
state it clealy first; otherwise, give clear and complete proofs of your claims. 4 problems completely correct
guarantee a pass. Partial solutions will also be considered on their merit.

Notation: In problems 1-2, let £ > 0 and h > 0 be the time step size and spatial step size, respectively.
Denote by U the value of the grid function at point (z,,, t,) = (mh, nk), for m € Z and n € {0} UZ™.

1. Construct a finite difference scheme that is consistent with the strongly damped wave equation
Utt — Utgr — Uz = [.
You must verify the consistency of the scheme.
2. Analyze the stability of the Crank-Nicolson scheme

R VA (U,:;ﬁ — Wi+ U Uy = 2Us + U,:;1> 0

k 2 h2 h2

for the heat equation u; — bu,, = 0, where b is a positive constant.
3. Consider the 2D elliptic equation with Dirichlet boundary condition:
—Au+tu, = f in Q= (0,1)2,
u=g on 0f).
Define a grid (2, yn) = (mh, nh) for 0 < m, n < N and h = +. Show that the scheme
4Um,n - Umfl,n - Um,nfl - Um+1,n - Um,n+1 + Um,n - Umfl,n
h? h
satisfies the following discrete maximum principle: if f(z,y) <0 for all (z,y) € Q, then the mazimum
value of Uy, p, is attained on 0L}, i.e.,

= f(‘rmv yn)

max U, = max Unin-
0<m.n<N m,n (@, 1) EOQ m,n

4. Let © be a bounded open subset of R? with smooth boundary 952, f € L?(f2), a and /3 be real constants,
V ={ve HYQ): v|pg = 0}. Prove existence and uniqueness of u € V such that, for all v € V/,

a(u,v) = /Q(Vu - Vv + auyv + fuyv) dedy = F(v) == /va dxdy.

5. Assume the same as in problem 4 and that V}, is a subspace of V', wy, is such that a(up,v) = F(v) for
all v € V}, and I}, is a linear mapping from V N H2(2) to V}, such that

||’U—Ih’UHH1(Q) SCOh|U|H2(Q), v E VﬂH2(Q),

where Cj is independent of v and h. Prove existence of a constant C' > 0, independent of u and h,
such that
lu = unll @) < Chluluzi),  [lu—unllL2@) < Ch?[ulu2(q).

6. Let Q = (0,1)%, M > 10 be a positive interger and h = 1/M. Let T = {K,;}},_,, where K; ; =
[(i — 1)h,ih] x [(j — 1)h,jh] C Q. Let P = {v € C(Q) : v(z,y) = apzy + a17 + a2y + a3, a; € R;i =
0,1,2,3.}. For each K € T, let N = {N;}1, where N;(v) = v(z;) for v € C(K) and z;’s are the four
vertices of K. Let Z7 be the global interpolation operator for the family {(K,N,P): K € T} and

Wi ={Zrf: feC@)}.

(a) Prove (K,N,P) is a finite element for each K € T.
(b) Prove Wj, € C(Q) N HY(Q).



