Comprehensive Examination in Complex Analysis
June 2018

General Instructions: Attempt all problems. Four complete solutions will guarantee a
pass. Partial solutions will be considered on their merits.

Let D = {z € C : |z] < 1}, and let H(Q2) be the set of all holomorphic functions in a

domain €.
1. Prove the Fundamental Theorem of Algebra: Suppose n > 1,c¢q,...,c, € C, ¢, # 0,
and set p(2) = >_"_;c;j2/. Show that there exists 2 € C with p(2) = 0.
2. Suppose that {f,}>°, is a sequence of entire functions and f, — f uniformly on
compact subsets of C. Show that f| — f’ uniformly on compact subsets of C.
3. Prove that )
lim —/ cot zdz = 2u,
R—+ R g
where I'p = 0Qg is the positively oriented boundary of Qr = {x +iy : 1 < z <
R, lyl < R}, R#nm, neN.
4. Let f,g € H(Q2) for a domain 2 C C. Suppose that |f| = Reg in Q. Show that f and
g are constants.
5. Suppose that f € H(D(0, R)), where D(0, R) ={z: |z| < R}, R > 1, and f satisfies
| |f(z)|1| <1 forall z€ (OD)\ {wi}r_,
Z’Vl —
with {w;}7_, being the n-th roots of unity. Prove that |f(2)] < |2" — 1] for all z € D,
and that |f'(wg)| <mn, k=1,...,n.
6. Suppose f : C — C is entire and injective. Show that f is surjective.



