Ph.D. COMPREHENSIVE EXAM - COMPLEX ANALYSIS - AUGUST 2005

Notation: D={z € C: |z} <1}, H(D) is the set of functions bolomorphic in D.
Note: Five completed questions will ensure a passing grade.

with f not identically zero. Suppose that for every positive infeger 7

1. Let feH(D),
Show that f has no zero in D.

there exists g € H(D) such that f=g™

2. For z € G\[0,1], let

1 T
| @)= [ =5 d=
.a) Find the Laurent expansion of f (z) valid in the anmulus {z: [z|> 1}, and determine its region
of convergence.
b) Find an explicit form for f(z).

3. Suppose that f is analyticin a2 simplyconnected domain G, which contains distinct points
214225120 - 1

w(z) =] (-2,
k=1

and C is a simple closed curve containing all the points 2 ,...; Zn inside, prove that

1 F(8) w(t) —w(z)
PE=55 | w0 R 4,

is a polynomial of degree n — 1, interpolating F(2) at 21, .oy 20 (e Pzi)=f(2x), o
k=1,...,n). T
4 Let F be the family of all analytic maps of {z: Re{z) >0} into D. Put
a=sup |f"(1)]-
FEF

a) Find a non-constant member of §.

b) Find an upperbound for a. -
¢) Prove that there exists g € § such that g"()=a.

5. Suppose QCCisopen, f:1—+Disa conformal equivalence (Le. f is holomorphic, 1-1
and onto) and g:Q— D is holomorphic. Suppose 8 €  such that f (8)=g(B)=0.
Show that

178 = 1g'(B)]
(Hint: Schwarz lemma).

6. Show that

 nf—z

];I (n3 + z.)
defines a bounded analytic function on {z: Re(z) > 0}, vanishing only on the set
{n*n=1,2,..}



